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The word Geometry is from the Greek langnEge and 
means literally the measurement of ground or Land-Sur- 
veying ; hut it has come to he extended in meaning to 
measurements of many other kinds, and to measurement 
generally ; the simple word vidry, if it were in uae would 
be a more expressive title for the group of sciences and of 
processes now descrihed by the title Geometry. lu the 
present work it is held to include meaaurementa of all 
kinds. 

In tie science of abstract or pure geometry, &I1 the 
qualities of matter except its size and shape are put out of 
■view, but in practical or real geometry we cannot omit the 
consideration of any quality hearing upon the subject in 
liand; thus the pure geometer pays no attention to the 
•expansion of matter by heat, or to its change of shape by 
; but the suryeyor can neither neglect the 
stretching of his tape line, nor the temperature of his 
■tandard measure. The study of practical geometry, then, 
must lead us to examine all the physical properties of 
matter, which can influence our measurements or aid us in 
oondacting them. 
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APPLIED SCIENCE. 



PAET L-GEOMETET ON PAPER. 



TO DEAW STEAIGHT LIKE8 C 



To write on paper we use the blacklead pencil, chalk, or 
the int-pen. Blacklead, also called plumbago and 
graphite, ia a softish substance foimd in various countries, 
BO soft as to be easily cut by the knife : when drawn along 
the paper it ia rubbed down and the powder of it remain- 
ing on the paper causes a darkish blue mark. This mark 
may be removed by means of a piece of indiambber, or 
by a bit of not quite dry bread. 

Sometimes the bkeUead haa in it gritty particles which- 
scratch the paper, and then the marks cannot be quite 
mbbed out; therefore in choosing a blacklead pencil we 
should try whether the trace made by it be easily and 
completely removed by rubber. Good blacklead, for 
drawing, ife scarce and dear, wherefore it is ant mto ^■kci's^ 
LsliyiB -which, are fitted into pieces ot bc& ■^«A ^ki^ 

■ rAST J. % 



2 QEOMETBT ON PAPEB. 

together. It is also of varioua degrees of hardneae which 
are marked by letters as BB, B, H, H H. 

Chalk pencils are not moch used for geometricai draw- 
ings because the lines made by them are not very distinct. 
For drawing with the ink-pen we use what is called 
China or India ink. This consists of a blaok powder soch 
as lampblack, ground into paste with a little gum, pressed 
into moulds and dried. For use it is rubbed down in a 
few drops of water put in a colour-cup or other flat dish i 
the ink so formed is then filled into the pen by being 
taken up on a feeder or little stick which is thrust between 
the plates of the drawing-pen. Other inks and colours 
may be used, bnt we must take care that the ink be not 
such as to corrode (or eat away) the steel of the pen : all 
the writing inks containing iron or copper do this. 

The drawing-pen consists of two narrow pointed plates, 
nsually of ateel, brought close together by help of a small 
screw. The ink is put between them by 
tbe feeder until there be nearly as much as 
will remain when tbe pen is held upright. If 
this pen so filled be drawn along the paper 
so that both points touch, a clean black line 
is made having its breadth in accordance with 
the width of the plates. This width can he 
regulated by means of the screw, so that we 
" B to draw broad or narrow lines as we 
sh. 
It is very convenient to have numbered 
divisionB round the edge of the wheel or head . 
of the screw, becaiise we can then be sure of making a new 
line of the same breadth as one that has been made before. 
In order to draw a straight line we procure a long piece 
"*" wood, bone, ivorj, brass or steeV Tia-^'m^ oue e3>^e -c^ci 
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quite etraiglit : the paper being laid on a flat table and 
this rule upon the paper we guide the pencil or the draw- 
ing-pen along the edge of the rule. 

Althoogh this seem to be an easy operation it must be 

done with care. The hand must be carried steadily, for if 

we slope the pen or the pencil differently at different places 

we shall make an uneven line. In using the drawing-pen 

we must not press so upon the rule as to close the plates, 

for then the line -will not be of the same breadth all along ; 

Dor mnst we press on the paper so much as to indent it. 

The outer faces of the steel plates must be kept free from ink 

lest the edge of the rule be wetted and the line be blurred. 

The trace made on the paper ia always at a little 

■ distance from the rule; we must learn to judge of this 

I distance and mnst' study to keep it the same from end to 

L^nd of the line. The learner should practise drawing 

1 ..broad and narrow Lnes -mih tlie pen, taking particular 

e that both points touch the paper, so that the line be 

Bdean on both sides. 



i 



LESSON II. 

TO JOIN TWO POTNTS ON PAPER BT A STRAIGHT LISE. 

p!vro small dots or points having been marked on the 
'.paper, we are required to join these by a straight line. 
For this purpose we bring the straight-edge close up to 
them, leaving room for the thickness of the pencil or 
drawing-pen, and then draw the line. It is not easy to do 
this well at first ; we may find that the line has not gone 
exactly through the points ; it may also have stopped short 
gone too far. In order to gain etpertnesa va. tVvi, ^W 
imer sboald sedulously practise ftve I 




4 OEOMETItY ON PAPER. 

LESSON III. 

TO JOIN BEVERAL P0tNT8 IN PAIRB BY STRAIGHT USES. 

Hatisg made at random a Humljer of small dote upon a 
sheet of paper we may proceed to join them two and two. 
Thus if we have made seven points named say A, B, C, 
D, E, F, G, these may be joined two and two in no 
lesa than twenty-one ways, as A B, 
i.C, AD, AE, AF, AG, BO, BD, 
BE, BF.BG, CD, CE, CF,CG, DE, 
D F, D 6, E F,EG, andPG; sothat, 
unless three of them happen to be in 
one straight line, we shall have twenty- 
*" one distinct linea 

Having drawn these as carefully as may be, the learner 
will be snre to observe faults in his firat trials; indeed 
even a practised draughtaman finds it no easy matter to 
perform well this simple-looking operation. 

It may be worth while to note how many lines there are 
for so many points. For two points there is only one 
line ; for three points there are three lines ; for four 
points, six lines ; and so on. The learner woald do well to 
count these and to make a list of the numbers for bimself, 
asking and taking help from no one. If he find out the 
order or law of the successive numbers so much the better. 
There is a very well known puzzle ; 
four points as A, B, C, D being marked, 
to go from one to another of them con- 
^c tinuously without going over any line 
twice. 

The student will find an instmctive exercise in show- 
ing that thk ia never possible i£ the maaW oi ^\Eia\» 
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even, while it is both possible and easy when tbe nuinber U 
odd ; always provided tliat no three o£ tbe points be in one 
Btraigbt line, 

L EZEBOISB 1. 

P Take three points not in one straight line, we shall 
s&me them A, B, C ; join each pair of these by straight 
lines. In B C mark any point D, join AD; in G A mark 
some point E, and join BE; the two linea A D, B E 
cross each other, we shall name the crossing ¥ ; join 
now C F and continue it to meet A B in G- ; lastly, 
joinGD, DE,EG. 



Draw any two straight lines not meeting each other 
on the paper ; in each of them mark three points, and 
name these H, I, K in the one, L, M, N in the other, 
reading in both cases from left to right, or in both 
cases from right to left. Join H M, I L crossing at P ; 
H N, K L crossing at Q ; and I N, K M crowing at E. 

I If the linra be well drawn the three points P, Q, E, will 
^ exactly in one straight line. 



LESSON IV. 



TO PKODDOE, THAT IS TO LENSTHES A STEAIGHT LINE. 



When a line already drawn is to be lengthened we have 
only to bring the straight rule up to it as if we were about 
to join its two ends, and then k) continue it as far as may 
be desired. This is another instance of an operation 
seemingly easy but in reahty difficult. The e.'^a ^id-^a 
f any inaccuracy in the iimtWu q1 '^aa "^^"^ 
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parts or of any alteratioE in the breadth of the Ime, that j 

prolong a line m that the joining ia not perceived, 




LESSON V. 

TO TRY THE BIRAIGHTNEBS OF AN EDGE. 

The careful geometer's first business is to make sure that 
his straigbtrodge ia true, is reaUy straight, or bo nearly 
straight that he can detect no iimlt in it. 

To test the straightiiess of the edge AB, we draw, 

with its help, a line opon the paper ; then turning the 

rule face for lace, but not end 




V 8 


for end, to the other side of 1 


A B 


the line we examine whether 1 




it again apply; or we draw a 
second line qmte close to the former and examine whether 
they keep the same distance all along. If any irregulati- 
liea should appear we mark the projecting places on 
;he rule, and scrape or file them away ; repeating the 
trials until we be satisfied. The mode of making and 
dressing a strajght-edgo depends upon the material and 
will be fully considered in a future lesson. Long con- 
tinued use wears any straight-edge out of truth and there- 
ore this, or some other, test should be applied from time 

to time. It will not do to 




a V 


turn the rule end for end 
because a hollow at the end 


A a 




it the other end B ; so tha 
ace for fiice must be triee 
fseJfheen proved bj reyersi 


A might just fit a projection 
rules which are not reversible 
against some rule which has 
on. ^^^^ 
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LESSON 'm^^^l 

TO MTIDB A 8TKA10HT LIKE DJTO EQUAL PAETS. I 

I'oB ordinary work on paper we uae the plain compaaa or H 

divider, consisting of two legs jointed together, the nn- 

connected enda being nicely pointed. The joint should 

be stiff enongh to resist a moderate strain, but 

should move steadily without jerks when sufficient 

pressure is applied ; the very points should be 

rounded, not cornered. 

K wo have to divide some line AB into, aay 
five equal parts, we judge what would be the 
fifth part, open the compasa to that distance, and 
beginning at A we step it along towards B five 
times. If at the fifth time we reach B exactly 
the division is accomplished ; bat this is very 
unlikely ; most probably we shall fell short of or go 
yond B, In that case we estimate the fifth part of the 
total error, change the compass by that fifth part and re- 
peat the trial. In this way we come to a division as exact 
as the circnmBtances will allow; often, however, after a 
good many trials. 

In the course of these trials the paper ia apt to be 
spoiled by many marks ; therefore we prefer to make an 
exact copy of the distance A B on separate paper whereon 
our trials may be made. 

This kind of compass is convenient in form, but has a 
very serious defect : its legs are easily bent by slight 
pressure, so that we may step differently with the same 
apparent opening, the pressure of the finger on the leg 

Eg enough to cause a perceptible tWi^m'^^f^asiKfe, 
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For this reason we take care to hold only by the button 
when repeating a distance : for the same reason we avoid 
the nse of compassea with jointed le^, and particularly 
those with hair springs, when we desire accurate work. 
The common spring divider of the workshop is a much 
more trustworthy instrnment ; it ia com- 
posed of two legs eonneeted by a strong 
spring instead of by a, joint, the whole 
being forged in one piece. When un- 
strained the legs are far apart; they are 
held together by a screw and nut. By 
taming the nut to the right or to the left 
we close the points or allow them to sepa- 
rate, BO that we can manage minute changes 
much more nicely than with the common 
compass; while the great stiffnesa of the legs prevents 
any perceptible change from side pressure. 

When the number of the proposed divisions is large the 
labour of the trials hecomea excessive and we have recourse 
to various expedients for leeaening it. Thus if we have to 
divide into twelve parts we divide first into three parts, 
halve each of these and then halve again ; and if the pro- 
posed number of divisions be fifteen we divide into five, and 
subdivide each fifth part into three. We can do this for all 
nnmbera having divisors, hut for indivisible or prime 
numbers such as 17 , 19 , 23 there is no such help and 
we must seek for other means. 
If it he proposed to divide the line A B into nineteen 
equal parts we may 

^ ^ b£gin by getting one 

part as nearly as we 
t oan on the trial paper and may mark this distance irom 
t fe> 0. The error of the Bwnt is qnlv. 
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part of the total error, and althongb the total may be qtiite 
easily perceived, its nineteenth part may be ao small as to 
be beyond onr power of observation ; therefore may be 
taken aa snfficiently exact for oiir purpose. The remaining 
|>ortion 6 is to consist of eighteen parts, now eighteen ia 
a divisible number, so we divide C B into three equal porta 
G D, D E, E B ; each of these again into three, and each of 
these smaller parts info two. K we bave two tlividera we 
may save trouble by keeping the distance A G in one of 
them unaltered and using it for the last part of the opera- 
tion. In such a way schemes may be made to snit other 
prime nmnbers. 

^EXEBCISE 1. 
Take any three points, A, B, C, not in one straight line ; 
join AB, BC, CA; halve BC in D; halve GA in E; 
halve A B in F ; join A D, B E, C F. If the work be 
■well done, these three lines meet exactly in one point 
(say G-), and DO is the half of G A, EG the half of 
GcB, and F G the half of 6 C. 



^^pnt 



Exercise 2. 






Take any three points A B G as before ; make B F 
le third part of B A ; E one third part of C A, and 
halve B C in D ; the three bnes A D, E E, F should 
bU pass through one point 6; DG should be one fifth 
part of D A ; EG should be two fifth parts of E B, and 
F G two fifth parts of F G. 

In this case tell what part D G is of Q A, and what 
partEGisofGB. 

r Exercise 3. 

Haying ma<le A B C as before, divide B C into eevfto. 
J»rt9 and make G D three oi them ■, makft Ci^ cff>-'i "fisssSk- 



r 
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part of A, and B F two fifth parts of B A ; then A D, 
B E, C F should all meet in one point ; further, if each 
of them be divided into nine equal pEtrts, G is a point of 
diTision in all. 

What part iaDG of DA? what part is EG of EB? 
and what part is FQ of FC? 

ESEBCISB 4. 

. ABO being as before, mate B D the third part of B ; 

[ CE the third part of CA; and AF the third part of 
A B ; join A D, B E, C F ; write G at the crossing of 
A D and C F ; H at that of A D and B E ; and I at 
the crossing of BE and CF, Then if each of the lines 
AD, BE, CF be divided into seven equal parts, G, H, 
and I are points of division. 
What part of DA is DH? What part b HI of BE? 

Exercise 5. 
Having drawn four lines A B, B C, CD, DA, as in. 
the second figure of Lesson III., without the crossing lines 
AC, BD; divide A B into three equal parts AE, EF, 
FB; CD into three equal parts CG, GH, HD; DA 
into four equal parts D I, I K, K L, L A ; and B into 
four equal parts B M, M N, NO, C ; join now L M, 
K N, 10, EH and F G ; then each of these five lines 
IB divided into equal parts. 






The student may vary the above exercise by using any 
other numbers than 3 and 4. 



■TFbe etat) 
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LESSON VII. 



TO MEAStTBE CIBXAHOEB ON PAPER. 

etandard of measiire used in Britain is a braes rod 
carefully preserved in London. Into this two Bmall gold 
pins are driven, their suriaeea made even with that of the 
rod, and on each of them a small dot is made. The dis- 
tance between the centres of these dots is declared, by Act 
of Parliament, to be a yard. For easy reference, copies 
of the yard are deposited in all the principal cities. 

The yard is variously divided for different trade pnr- 
poses ; dealers in clotli divide it into halves, qnarters, 
nails ; while artisans in general diTide it into 3 feet, and 
each foot into 12 inches. The foot-rules sold in the ^ops 
are almost all very accurately made ; most of them are on 
boxwood, some on ivory, and a good many on steel for tie 
use of smiths and engineers. 

For meaanrementa on paper we use scales made thin on 
the edge so that the divisions may be close to the paper ; 
these are called leather edges or plotting scales. They are 
usually divided into so many parts per inch and are marked 
accordingly, thus scale 30 has 30 divisions to the inch ; the 
beet of them are divided on a screw dividing engine and 
are remarkably accurate and cheap. Surveyors need a 
good number of them to suit the sizes of their plans. 
They should never be divided alike on both edges because 
one edge then would be as nseM as the two ; and the 
divisions on the two edges of one scale should be so 
different as not to be easily mistaken. The numbers need 
by surveyors run from 10 to 80 diyiflionfl iget ui&b., asA 
atend to 12 incheB, 
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Fop leasons merely a scale 6 inahes long of 20 , 25 or 30 
divisioiiB may suffice. 

In order to be easily counted each tenth division is pro- 
longed a good way, and each intermediate fifth diyisioii is 
prolonged half 03 much, as in the adjoining example. The 
tens axe marked 0,1,2, 3, etc., to be read 0, 10, 20, 
30 , etc. divisions. 



" I"' T '"l^ 



I 



The thin graduated edge should never be used as a 
straight-edge for drawing lines; it would soon be worn and 
uaelesa. Some 6-inch scales aj-e divided only on one edge, 
the other edge being left thick for drawing. 

To measure the distance between two points as A and 
B, we bring the divided edge close to them, placing the , 
or zero as it is called, opposite to one of them, A, and we 
are then able to read the number of divisions between it 
and the second point B. If the second point be not 
exactly opposite to one of the divisions, we estiomte the 
fraction of a division. It is convenient to imagine the 
division subdivided into ten parts. The distance A B, as 
seen in the figure, is thus 48 divisions and by estimation 
4 tenth parts of a division, which is written 48 -4 . 

The plan say of a farm is made on a scale of 2 chains 
to the inch, the length of the usual surveying or Ganter's 
chain being 66 feet, and being divided into 100 links. In 
this case ten divisions of the above scale correspond to 
1 chain, and the tenth part of a division to 1 link ; and 
the above distance A B would be read 484 links, or 4 chains 
S4 Jinks. 



r 
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If we desire to know the aboTe distance A B actually in 
inches, we observe that each division of the scale is the 
twentieth part of an inch, so that the tenth part of a divi- 
sion must be the two-hnndredth part of an inch, conse- 
quently the distance A B is 484 two-hundredth part of an 
inch, or as it is written i^^ , which is just ^^ or as written 
in the way usual for decimal fractions 2 ■ 42 . 

By help of the scale we can also mark off a prescribed 
distance. Thus if we wish to have a line 46 divisions 
long, we sboiild first draw in pencil a line more than long 
enough, and bringing the feather edge to it we should make 
one dot opposite the zero and another dot opposite the forty- 
sixth division ; the intermediate part may then be drawn in 
ink, and when the ink is dry the surplna pencil mark may 
removed by rubber. 



EXEBCISE 1. 

Draw a straight line of 4 inches, and divide it into 
seventeen equal parts. 

Draw a second line also of 4 inches, and divide it into 
fifteen equal parts. 

Along a third lino make A B equal to one of the former, 
B C equal to one of the latter divisions, and tell the length 
mat A C in fractions of an inch. 



Add together the third part of 5 inches and the fifth 
part of 4 inches. 



Which is longer, the fifth part of 4 inches or the four- 
teenth part of 11 inches, and by how much P 
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LESSON vin. 



OK POLYGONS. 



A PORTION of surlace is caUed a figure ; every figure is 
boanded by a line or by lines. Wien the boundary is com- 
f straight lines the figure is said to be rectilineal ; 
the straight lines are called its sides, and the points where 
these lines meet, its corners. Fignrea are named according 
to the nnmber of the comers, the names being taken from 
the Greek language ; tlina a figure having eight comers is 
called an octagon, from okfo eight and gonia a comer. No 
figure can have fewer than three straight sides with three 
comers, hence the names are trigon, tetragon, pentagon, 
leptagon, octagon, enneagon, decagon, and so on, 
the general name being polygon, from polus, many. In- 
stead of the word trigon we very often use the Latin word 
triangle, and for tetragon, quadrangle, but it is a pity to 
spoil the uniformity of the system of names, 

A figure, that is a portion of surface, may have more 
than one boundary; thus the adjoining portion coloured 
^^^^ black has three bonndariea, an outer 
^^^l^^^^ft and two inner ones. It is a pentagon 
^^^^^^I^K from which a tetragon and a trigon 
^^^^^V^H have been left out; it has twelve 
^H^^^H^^^ corners and twelve sid^. At first 
^^^^^^^ we shall not pay any attention to 
such complex figures, and shall con- 
sider only simple figures having one boundary and as many 

A aimple polygon may have bIL its comen -^oi^W:^ ea 





in the adjoining hexagon, or it may have re-entrant comers 
as in the accompanying octagon ; and no such polygon can 
have fewer than three projecting corners. 

^^P The corners of every trigon (or triangle) project ; and 
every polygon may be divided into trigons by drawing 
straight lines within the figure from comer to comer, care 
being taken that these diagonal lines, as they are called, 
never cross each other or the boundary. In the caae of 
simple polygons the number of these trigona \a always less 
by two than the number of comers; but in the case of 
polygons with more than one boundary this does not hold 
good, thus the above complex duodecagon would consist of 
fourteen trigona obtained in this way. 



LESSON IX. 

TO DESCHIBE A cmCLE ON PAPER. 

E word circle is from the Greek kirkos. It ia a figure 
fevery point of whose boundary ia at a certain distance 
Kfrom a point called the centre {from Icentron a point or 
tneedle). The distance from the centre to the boundary 
I'Or circumference is called the radius (Latin, the spoke of 
I a wheel) and the distance right aciraaa ttauu^ 'ijttfi ws^&t^ 
WtB caUed the diameter, from the GteeV dia i^^aos^ kc^. 
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meiron (a measure). A portion of the circumference of s 

circle is called an arc {arcvs a bow) and the straight line 

joining the two enda of the arc ia 

called its chord (Greek cliordi a 

gnt or gut-string). 

The instrument used for describ- 
ing (Uterally writing down) circles 
on paper is a two-legged compass, 
having one leg nicely pointed and 
the other arranged to hold a pencil 
or a drawing-pen. Having set the compass to the re- 
quired distance we press the centre-point into the paper 
BO as to taie hold, and write the boundary by tuming the 
instrument round. The first pressure of the centre-point 
makes a hole in the paper and the subsequent motion 
tends to widen that hole, wherefore we must be careful 
to press lightly lest we make an unseemly mark or even 
shift the point so that the pen does not return accurately 
to the beginning of the line. The learner should practise 
the movement on a piece of waste paper. 

If the circle be cut away from the smrounding paper by 
paesmg a thin knife-point round the circumference, the 
circular disc may be turned in its place without changing 
the position of its centre and a part A E of the circumfer- 
ence would fit accurately to any part D E of equal length : 
also the disc may be taken out, reversed face for &cs and 
again fitted accurately into the old place. This is seen in 
the axles and bushes of machinery. Also the chord of the 
arc AB will fit exactly upon that of the equal arc DE, 
whichever face be uppermost. Hence the diameter H C F 
divides the circle equally, and each of the arcs B A F and 
B D E F ia a semt-drcumfereTice. 



SiNOE equal chords belong to equal arcs, it follows that if 
we step the dividing compass round the circumference we 
ehall mark off equal portions of it, and hence the division 
o£ the circle into equal parts ia to be performed just as 
that of a straight line was done. It will be found con- 
venient to have one or even two copies of the circle made 
on trial paper. It is very well known and also noteworthy 
that the radius of a circle is stepped exactly six times 
round it, so that the division of the circle into six equal 
parts is very easy. This furnishes ua with an excellent 
exercise for the learner. Let him draw a circle, place the 
centre point of his compass on the circum- 
ference and draw another circle of the same 
size ; place the centre point at one of the 
crossings, make a third circle, and so pro- 
ceed covering his paper with circles. If 
the work be well done all the crossings will 
be neat without overlap or defect. It is not likely that 
he will succeed in this at the first or second trial. 

If there be two concentric circles, 
that is, two circles having the same 
centre ; if the outer circumference be 
divided into equal parts and if radii be 
drawn to the points of section, these 
ndii divide the inner circumference 
Lalfio equally; for if the larger circle 

) cut out and turned one division toxmi eaa\i. T*Ai(s& 
roa]d be brougbt into the place toTOieiV^ occa^i^ ^^i 





i 
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some other radius. When the divisions are to be very 
nmnerons and therefore small, so small, say, that the com- 
pass cannot be easily managed, we get over the difficulty 
by making a large circle, dividing it and transferring &e 
divisions to the smaller circle. Thus the teeth of small 
watch-wheels are cut by fastening the blank discs on the 
centre of a large divided wheel. 

EXEBOISB 1. 

Describe a circle with a radius of 1^ inch, and divide its 
circumference into sixty equal parts, as in a clock face, and 
mark on it the hours. 

Exercise 2. 

Divide the circumference of a circle having its radius 
1*2 into eight equal parts: divide it also into nine equal 
parts, beginning at each of the eight divisions. The whole 
circumference is then divided into seventy-two equal parts. 

EXEBOISB 3. 

The common year consists of three hundred and sixty- 
five days; make a circle of 1*6 radius and divide its 
boundary into three hundred and sixty-five equal parts. 

EXEBOISE 4. 

Divide the circumference of a circle into three hundred 
and sixty equal parts. 
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LESSON XL 

ON ANGLES. 

It is of the greatest importance that the student should 
have a clear idea of what is meant by the word angile as 
used by geometers. The ancient geometer Euclid had 
not attained to a clear notion on this subject and the 
imperfection of his idea runs through the whole of his 
celebrated treatise. He says that an angle is the inclina- 
tion of two straight lines which meet and which are not 
in one straight line. This description only shifts the 
name from anffle to inclination and 
the limitation leads to a wrong idea. 
The true idea of cmgle is to be got 
by considering the turning of a line 
round upon one of its ends. If the 
line AB turn, like the hand of a 
clock, upon the end A as a pivot 
it wft come again into the same 
position having then made one turn ; if the motion go on 
the line will again and again come to the first position 
having made two, three, four .... turns. The quantity 
of turning is what we call angle. 

In passing from the direction A B into the direction A C 
the line makes only part of a turn. To come into the 
position A D it makes one quarter of a turn ; to get into 
the position A E it makes half a turn, to get to A F three 
quarters of a turn, and to come again to the direction A B 
it makes a whole turn. 

The angle of the two lines A B, A C is the quantity 
of turning needed to bring a line from the direction A ^ 
into the direction AC; it is namei \>^ xe!afiMi%^\<^0^ 
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each of its sides, putting the letter at the vertei (or point 
of turning, from verto I turn) in the middle as BAG. 
The angle BAG in the accompanyingfigure is less than the 
quarter of a turn ; B A D is a qimrter turn, B A E is half a 
turn, B A F three quarters, and we may write BAB for 
a whole turn, la ordinary geometry we haye very little to 
do with angles of more than one turn, but in mechanics 
and in astronomy such angles are of very frequent oecnr- 
rence. Here we see the inconyenience of Euclid's limita- 
tiou ; according to him B A E, which is half a tnm, is no 
angle at aU ; and he had no idea whatever of such an angle 
as B A F, three quarters of a turn. 

The angle has nothing to do with the lengths of the 
lines, it has only to do with their directions ; thus althoagh 
the lines in the figure were continued to be yards or miles 
long the angles would be unchanged, juat as the hours are 
shown as well by the bands of a pocket watch as by those 
of a steeple clock. 



LESSON XII. 



TO HE48UKE A.N0LE3, 



i 



To measure a line is to compare it with a known or 
standard line which standard is arbitrarily taken. So to 
measure an angle is to compare it with a known angle ; 
here we have a natural or absolute standard of comparison 
namely the whole turn, which is the some all the world 
over. The ancient, and even yet the common, praotica is 
to divide the turn into 360 equal parts called degrees, each 
degree into 60 minutes (minuti primi) and each minulfi 
into 6D seconds (minuti secundi) ; the modem and. much 
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more convenient division, slowly coming into use, is into 
400 degreea, each degree being divided decimally. For 
certain puqioses astronomers find it even more convenient 
to divide tlie tarn into one thousand parts. 

for measoring angles on paper we use an instrament 
called the protractor, whieli is a circular disc of any eon- 
Tenient material, having its edge divided into the proper 
number of degrees. A piece of cardboard answers, and 
the student would do well to prepare one for himself; he 
may even male two, one for the ancient division into 360^ 
the other for the modern division into 400". 



1 




After the divisions have been completed, the circle must 
) neatly cut along the edge, and the centre hole also 
ade. Two fine thi-eads most then be stretched across, to 
I mark the centre. 

Protractors are sometimes made on thin horo, but it is 

I seldom that the horn is quite flat When made in brass 

■ or ivory, the divisions are cut on the turning-lathe or 

dividing-engine, and the centre mark is sometimes made 

I on a bit of glass fixed in the middle. 

It is usual to write the numbers of the degrees in the 
direction from left to right, that is in the direction usnat 
' for the hands of a cloclt. 

Id order tu meaaiire an annle k"B C \)-^ 'Ws.'^ -A Sic' 



J 
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inBtrnment, we bring the centre-mark of the protracts 
exactly over the vertex B of the angle, and then count 
how many degrees arc included between the two sides. 
We may save the trouble of 
counting by placing the O 
or beginning of the diviaionH 
on one side as A. B ; the 
number of degrees may then 
be read off directly. The be- 
ginning of the degrees, and 
in general the beginning of 
any scale is called the zero ; 
this is from an Arabic word 
\ or J ^zerr, or zerr^ an- 
atoia. When the Arabs borrowed the present common 
notetion of numbers from India they used a small dot 
or atom to represent an empty place; the zerre therefor^ 
corresponds to the o (an empty ring) used by us for the 
Bame purpose. 

It does not matter on what part of the circumference 
the angle may iTe measured ; if the instrument be truly 
graduated there can be no difference ; we have thus a 
ready means of testing the accuracy of the divisions ; by 
making the measurement on different parts of the pro- 
tractor and comparing the results. Half circle protractors 
cannot be thus tested ; the complete circle is much to be 
preferred. 

Again, whether we use a small or a large protractor, the 
number of degrees must be the same ; the large protractor, 
however, has this advantage, that the fractious of a degree 
may bo more easily estimated, seeing that the divisions are 
)i ■'f the protractor should extend 
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of the angle, these sides have to be produced siiflBiciently; a 
very large protractor is thus inconvenient for work on a 
small scale. 

EXEBGISE 1. 

Make an angle of 53° ; measure on one side seventy- 
seven parts from a scale, on the other side seventy-five 
parts ; join the ends, measure the angles there, and measure 
also the length of the line. 

EXEBOISE 2. 

Draw AB=57 parts, make the angle ABC = 117° ; 
BC = 53 parts; BCD = 108°; CD = 71 parts. Join 
AD, AC, B D, and measure them ; measure also the 
anglesDACCAB, DAB, BCA,ACD, CDB, BDA, 
CDA,ABD, andDBC. 

EXEBOISE 3. 

Convert all the measurements of the angles in the above 
figure (which have been taken in ancient degrees) into 
centesimal degrees (often called grades, trom the French, 
not the English word grades spelt in the same way ; the a 
as in graduate). 

ExEBOISE 4. 

Make AB = 55 parts; ABC = 108°; BC = 55 
parts; =BCD=108°; CD=55 parts; CDE=108°; 
and DE=55 parts. Join and measure EA, AD, DB, 
BE, EC, CA; measure also the angles EAD, DAC, 
CAB, ABE, and so on. State the angles also in 
centesimal degrees. 



L 
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LESSON xiir 

OS THE ADDITION AND BUBTRACTION OP ANQLES.! 

In turning from the direction A B into the direction J 
a line passes over or •makes the angle BAG. If the r 
be continued until the line come to the direction A D, the 
additional angle C A D is made ; 
wherefore BAD is the sum of 
BAG and CAD, or, as it is 
written concisely 

BAD = BAC + CAD; 
wherefore also C A D ia the differ- 
ence between BAD and B A or 
CAB = BAD - BAG. 

£ 

In this way the angle BAF 
is the sum of the four angles BAG, CAD, DAE and 
EAF. But the same name BAF would do, in the 
adjoining figure, for the eum of tbe two aagles BAQ- 
and GAF made by turning the lino from the direction 
AB into the direction AG- and then into the direc- 
tion A F. Thus the same name E A F ia given to two 
angles one made by turning from right to left, the othet 
by turning from left to right ; the first, in the present case, 
less than a half turn, the other more than a half turn, and 
both together making a whole turn, Oi-dinarily there is 
no inconvenience from this double meaning ; but in the 
practice of Burveying great confusion would result, and 
therefore it becomes necessary to mate a distinction. Thia 
we do by taking care to name tbe sidra of the angle in the 
order of the degrees on the protractor, ftma "b^ *3i t^"0 -«6 




shall intend the angle made up of the three parts GAB, 
BAG, CAD; whUe by D A G we sLaU mean that made 
up of D A E, E A F, F A G. If the zero of the protiwitor 
be placed on A G the reading at A D will give the former 
angle, and if the zero be placed on A D, the reading at 
A G will give the latter. 



LESSON XIV. 

ON TKIGON8 OE TKIANGLE8. 



^m Br three points not all in one straight line be joined two 
^m and two, a figure is formed having three sides which, 
meeting in pairs, form three angles. Such a figure is 
called a triangle from the Latin, a trigon from the Greek, 
The measurement of trigons is called Irigonometry. A 
trigon is named by reading the letters 
placed at its three comers as ABC. 
But three such letters have been 
already used to designate an angle, 
80 that there is again coDfiision; and 
it becomes necessary, whenever there 
IJb any likelihood of mistake, to tell distinctly whether it 
angle or a triangle that is intended. The one 
I the ijnantity of turning, the other is the surface 
enclosed by the three straight lines. The accompanying 
figure haa three comers A, B and C ; three sides B C, C A 
and A B; and three angles BAG at A, CB A at B and 

IACB at C. Each side has an angle opposite to it, 
and is said to subtend that angle, thus A B is said to 
Kihlend (outstretch) the angle AC"B-, Vce, k^^ K.'i'^ 
i said to he contained (that is ^m^jeS^ Xi-^ "^W "^^^ 
■ 
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Bides CA and CB. A trigon Laving two of Ha aidee of 
equal length is called isosceles (properly isoskeles &om utik 
equal, and rTKe\o<; a leg), and when all the three aidea are 
of one length it is equilateral (from the Latin latus a aide). 
An iaoakeles trigon may be reversed and replaced. Thus 
if we draw from the point D two equal lines DE, DF and 
join the ends E F, the isoskeles tri- 
angle thus formed is reversible face 
for face. On cutting through the 
paper along the hnea D E, E F, F D 
and so separating the internal part 
G H I, we may lift this out, turn it. over and replace it, 
putting I at E, I Gr along E D, in which case G must be 
again at D aince the lines are of one length ; also G H must 
lie along D F because the angle is unchanged, and conae- 
quently H must be at F. Thus wo see that the angles 
FED and DFE must be alike, since the same angle GIH 
fits to each of them ; and we conclude, in general, that 
wheneyer two sides of a trigon are ahte, the angles oppo- 
site to them are alike alao. 

If, from K as a centre, we sweep a circular arc and in- 
flect in that a distance M L equal to the 
radius, we easily construct an equilateral 
trigon K L M ; this may he regarded as 
isoskeles in three ways. Its three angles 
. must then be all alike ; and it may be 
fitted into the same phice in six different 
ways, thrice with one lace up and thrice with the other 
face up. 

No angle of a trigon can be so much as half a torn, that 
is as 180° ancient or 200" modem degrees ; indeed when 
e the three angles and add them together we 
£i2d that all the three just make ■a'p a \ia,\£ Wyq.. The 







learner should draw a yariety of tbree-sided figures, 
measiiTQ acd sum the angles of eacli ; he wOl find, within 
the small errors incident to all measurements, that the sum 
is 180'' or 200° according to the kind of protractor used. 
This truth or theorem aa it ia called, ia the moat important 
truth in geometry. For thousands of years writei-a on 
speculative geometry have sought to find out why this 
theorem ia true, or to show that it must be true. In 
Euclid's, which is the oldest treatise that has come down to 
oa, a series of thirty propositions is occnpied with the proof 
of till a theorem, but withont success ; for at the end ro- 
conise is had to an axiom or unproved theorem in which ia 
taken /or granted the very thing to be proved. Many 
trials have since been made, all of them fruitless, so that 
this truth, the fundamental truth of all geometry, rests 
solely upon trial or experiment. 

The neatest and clearest illustration of it ia that given 
by the Sicilian philoaopher Archimedes, of Syracuse. 

Let A B C be the triangle ; take a very long thin stick, 
with the ends marked so as to be recognized and lay it 
along the side A G noting in which way 
the marks point. Turn this stick from 
left to right upon the point A as a ver- 
tex until it come to he along A B, and we 
shall have turned it through the angle 
CAB. Still keeping the motion from 
left to right, turn the stick upon B as a 
vertex until it lie along B C, and we sh 
have described the angle ABC; lastly . 
turn it upon C as a vertex through the 
angle B C A, that is till it be along C A, and we shall find 
stick turned half round. 
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LESSON SV. 




Ijet it be propoeed to make a triangle having one aide 37 
diviaiona, a second side 53 divisions long, while the angle 
contained by these sides ia 78 ancient degrees. 

For this we draw a line A li 37 divisions long, meaeur- 
ing the length by help of the scale. By means of the 
protraotor we mark off the angle ABO 
of 78", drawing the line in pencil; along 
this line we next mark off B G 53 
divisions, and lastly we join A C. • 

Here it is to be noticed that the angle 
of 78° may be laid either to the right 
of A|B aa in the fignre, or to the left ; and 
that althongh each of the figures so got 
have the proposed dimensions, only one 
of them may be suitable for the purpose 
in hand ; we must therefore consider which face, as it 
were, is to be upmost ; that is to say, whether the angle 
beABOorOBA. 

It ia quite clear that if another triangle be made with 
the same dimensions it vrill be in every way like the former, 
its third side will be equal to A C, and the remaining 
angles will be equal to CAB and BC A respectively. The 
one figure would jest fit on the other ; in this case they 
are said to be alike or equal to each other. 

SXBBOIBE 1. 

Make an angle of 52°, measure each side of it eighty-nina 
parts, join the ends, measure the third side and the two 
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EXEBCISE 2. 

Make an angle of 119°, with each of its sides sixty-five 

parts; join the ends; measure the third side and the 

angles. 

Exercise 3. 

Make AB = 99 ports, ABC = 45°= 50^ and BC = 
70 parts; join AC, measure it and measure the angles 
ACB, CAB. 

EXEBOISE 4. 

Make DE = 97, DEF = 30°, and EF = 84; join 
F D, measure it and measure the angles E F D and F D E. 

EXEBGISE 5. 

Construct the triangle G-H I having GH = 58, GH I 
= 83°, H I = 71 ; measure the third side and the two 
angles. 

EXEBOISE 6. 

Construct the trigon KL M having KL = 47, KLM 
= 137°, L M = 83 ; measure the remaining side and 
angles. 

LESSON XVI. 

TO OONSTBUOT A TRiaON OF WHICH TWO ANGLES AND 

A SIDE ABB KNOWN. 

When we know the number of degrees in each of two of 
the angles we may easily discover the third angle 
because all the three make up half a turn : we have there- 
fore only to add together the two known angles and to 
deduct the amount from 180° or from 200° according 
to ihe division med. 
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Let it be proposed to make a triangle having one side 57^ 
divisioDfl of the scale, and the angles at its ends 47° and 
69° respectively. 
For this we draw a line D E 57 divisions long ; and at 
8 mate anglea of the given numbers of degrees, con- 
tinuing the sides of those angles (in 
pencil) until they cross each other 
at some point F ; D E F is the tri- 
gon required. 

Any other triangle made with the 
same dimensions would be exactly a 
copy of this one ; only it may happen to be reversed ; 
hence if two angles and a side of one trigon be equal to 
the corresponding angles and side of another tiigon the 
figures are alike in every way ; the one would fit upon 
the other, 

I^ however, the two angles at D and E be equal, the 
figure cotdd be reversed face for face and the aide D F 
would be equal to E F. 

When the proposed angles at D and E make together 
nearly 180° or 200" their sides must be continued lar 
in order to meet ; if the sum of the angles be more than a 
half turn the lines widen out ; they would need to be con- 
tinued in the opposite directions in order to meet. And 
when the proposed angles make just half a turn, their sides 
cannot meet at all. We shall consider this case in a fiitnie 



Exercise 1. 

Construct NOP such that ONP = 65° NP=53 parte, 

and NPO = 73°; and measure the two aidra NO and 

P ; find also the angle PON both by computatioa and 
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Exercise 2. 

Make EQS = 36^ QS = 55, QSE = 36°, and mea- 
sure QB and BS. 

Exercise 3. 

Make UTV = 45°; TV = 41; TVU = 45°, and 
measure T U and U V. 

Exercise 4. 

Make YXZ=:97°; XZ=47; XZY=:63°, and mea- 
sure XY,YZ. 

Exercise 5. 

Make B A 0=102°; AC=37; ACB=87°. 



LESSON XVIL 

TO CONSTRUCT A TRI0ON OF WHICH THE THREE SIDES 

ARE KNOWN. 

Let it be proposed to construct a triangle having its sides 
48 , 37 , and 23 measures respectively. 

If we draw a line A B of the length of 48 divisions of 
the scale, this may do for one side of the figure. Since 
the distance from A to the third 
comer is to be 37, that comer must 
be somewhere in the circumference 
of a circle described from A as a 

centre with a radius 37 ; but the ^^^ 1 \~~^^ 

same comer is to be at the distance 

23 from B ; wherefore it must be 

also in the circumference of a circle 

described from B with that radius. These circumferences 

cross each other at two points C on tlie oiv^ «A^ oi fe^^^ 
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D on the other side ; wherefore by joining A C, C B or 
by joining A D, D B we form a trigon of the reqtdred 
dimensions. The one of these could be folded over, as 
it were, npon the other. 

Hence if the three sides of one trigon be equal respec- 
tively to those of another the figores are alike, and the 
angles of the one are eqnal to those of the other. 

It is easily seen that if the longest line were more than 
the other two pnt together, the circles wonld not meet each 
other, and that there could be no trigon. Thus it is not 
possible to make a trigon with its aides 48 , 27 , 20 ; but if 
the longest of the three lines be leas than the sum of the 
two otherSj the eirelea must overlap, so that the trigon may 
be made. 

EXEBGISB I. 

Construct the triangle ABC having A B = 97 , B C = 97 , 
C A = 97 ; bisect each of ita aides and join the middle 
points with the opposite corners ; measure those lines and 
all the angles. 

Exercise 2, 

Constract the trigon ABC bavmg A B = 45 , B C = 56 , 
C A = 63 , and make the figure for Exercise 2 of Lesson "VI. 

ExEROISE 3, 
Make AB = 40, BC = 42, CA = 35, end repeat the 
construction for Exercise 3 of Lesson VI. 

Exercise 4. 
Make AE = 45, BC = 42, CA= 33, and repeat the 
ooostraction for Exercise 4 of Lesson VI. 

Exercise 5. 
Constract a trigon with the sides 6 , 25 , and 29 parts. 
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Exercise 6. 

Construct a trigon with 51 , 40 and 13 for its three 

sides. 

Exercise 7. 

Construct a pentagon ABODE, having A B = 16 , 
BC = 25,CD=15,DE = 37,EA=17,AC = 39,and 
CE=44. 

Exercise 8. 

Construct a pentagon ABODE, having A B = P = 
OD=DE = EA=55; AO=OE = 89; measure E B, 
B D, D A and all th& angles. 
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To construct a trigon of which two sides and an angle 
opposite to one of them are known. 

Let it be proposed to construct a triangle having two of 
its sides 46 and 35 , the angle opposite to 46 being 68°. 

Since the angle of 68° is to be opposite to 46 it must be 
adjacent to 35 , so that if we draw D E 
35 long, and make the angle D E F of 
68^ we shall have part of the boundary 
of the figure. Now the distance from 
D to the third comer is to be 46 , so 
that by sweeping an arc from the 
centre D with the radius 46 , and no- 
ticing where it crosses the line E F we 
shall discover the third comer G-. 

In this example the angle is opposite the greater of the 
two sides : when it is to be opposite the less there arises a 
certain dificulty, 

PABT I. T> 
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Let it be proposed, for example, to constrnct & trigon 
having two of ite sides 43 and 31 , the angle opposite 31 1 
being 40'. 

Having drawn H I equal to 43 and made H I E an 
angle of 40', weeweep an arc from H with the radius 31 . 
This arc crosses the hne I K twice, 
as at L and at M, and we do not 
know which of these to take. In- 
deed if HL and EM be both 
drawn, either of the triangles I H L, 
I H M, has the required dimensions. 
Hence it follows that two trigona 
may not be alike although two sides and an opposite angle 
in the one be equal respectively to the corresponding parta 
in the other. There is a doubt between two, and the 
proposition has a double answer. 

It may happen that the length set down for the shcrter 
side may he too little ; the arc may not reach to the line 
I K, in which case there can be no anch triangle. 

Propositions like the preceding lessons in which ac 
thing is proposed to be done are called problems from the 
Greek word TrpojSXij/ui which means something put 
forward ; and the process of doing the thing is called the 
aalviion of the ■problem. Propositions again in which a 
truth or law is stated are called theorems from Oetaprjfia 
a spectacle, something to be looked at and studied. Ths 
following lesson is a theorem. 

Exercise 1. 

In the trigon ABC, the angle ABC is 118'', AB is 

twenty-eight, and A C is thirty-nine parta : construct the 
figure, measure B C and the other angles. 



Make DE = 80,DEF= 101°, D F = 



MakeGH = 73,GHI = 81°, GI = 88. 

EXEBCIBE 4. 

Make K L = 50 , K L M = 53", K M = 41 . 



65. 



MakePQ 



= 97,NOP = 42°,NP 

EXEEOISB 6. 

= 78,PQE = 50'',PE = 58 



LESSON XIX 

II? one side of a trigon be produced, the outer or exterior 
■Angle is equal to both the farther angles put together. 

IhnB if the side A C be produced to D, the exterior 
Bugle B C D is equal to C B A and 
ISAC put together. 

We pereeivo that it is so when we 
iflider that the angle ACE 
mth BCD makes up half a turn ; and 
liat the three angles of the triangle, of ^ 

jlea A C B ifl one, also make up half a turn, 
efore BCD must be just ea much as the sum of 
pB A and BAG the remaining two angles. 
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LESSON XX. 

The greater side of any trigon has the greater angle 
opposite to it. 

Thus if the side AB be longer thanBG, the angle 
„ A B opposite to it is wider than 

./\^ BAG which is opposite to B G. 

/ N. If we cut off from B A a portion 

^/-''-'Z;;::::^^^^ BDequaltoBC andjoinCD we 
/^^^--^"^ form an isoskeles trigon haying the 

^ angles BDC and DOB aUke. Now 

AGB is greater than D CB by the part A C D, D G B is 
equal to B D and B D G is greater than BAG by the 
same AGD, wherefore AGB is greater than BAG by 
twice A C D. 



LESSON XXL 

The greater angle of a triangle has the longer side oppo- 
site to it. 

Thus ify in the preceding figure, the angle A C B be 
greater than BAG, the side AB is longer than BG. 

For if we make the angle A G D equal to half the 
difference between the two angles AGB and BAG, the 
remaining angle D G B must be half the sum of the same 
two angles and must be equal to B D C ; wherefore BG 
must be equal to B D and therefore shorter than B A. 
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LESSON XXII. 

Am two sides of a triangle are together longer than the 
third aide. 

For example, the two siAea D E and E F pnt together 
are longer than D F, Let us continae D E until the part 
E G be eqaal to E F, then D G 
is as long as both D E and E F, 
or is their sum ; join F G, then 
the angle EFG is equal toFGE, 
which may also be read F G D. ' 
Now D P G is greater than EFG, wherefore it must be 
greater than F G D, and consequently the side D G oppo- 
aite to it must be greater than D F. 



LESSON SXIIL 

ON PAKALLEL LINES. 

Two straight lines which make equal alternate angles with 
a third line cannot meet each other. 

If at the two ends of the straight line A B we make 
equal angles but on different sides, or alternately, such as 
BACandABD, the HnesDBand 
A cannot meet, however far they ■ 
may be continued. 

If these lines be produced in the 
direction AE, BP, the angles EAB 
and F B A must clearly be equal ; and if we were to cut 
out the portion F B A C of paper, it would, when turned 
half round, just fit upon E A B D, however far the lines 
might be extended. Wherefore if the two hnea AC, B F 

9 to meet at some great distance, ttie oftiftis. k.^ 
tonld need to meet at the same cljatance, tioa^. '"» "wi 
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two lines E A C, D B F would meet twice and therefore 
could not be Btraight. 

Two atraiglit lines as E C and D P which do not meet 
each other are said to be paraUd from irapaXkri\o<i (along 
together). 

If through the point B any other line be drawn, no 
matter how close to D B F, it wonld, if continued far enongh 
come to meet E A C ; or what ia to say the same thing in 
other words, two parallels to the same line E C cannot croea 
each other. Also if any other straight line as GH be drawn 
from D F to E C, it makes equal alternate angles with them. 
There is very frequent occasion to draw lines parallel to 
each other, so that we need some contrivance for doing this 
„ easily and well. Now if there be two 

parallel lines A B, C D and if we draw 
across them a straight line EFGH, 
the angles B F H, D G H and their 
oppoaites APE, CGE are all alike; 
as also the four angles E F B, E G D, 
AFHjCGH. Hence if the angle BFG were, so to 
speak, slid along the straight line E H, it would come into 
the position D G H. 

If then we procure a piece of thin wood, with two sides 
A 0, C B cut straight to any angle whatever, aud if, hold- 
ing a rale K B quite firmly on the paper, 
we apply thereto the aide A C, and draw 
a line along C B ; then, shifting the 
position of A C B by shding it along the 
rule, if we draw a second line along C B, 
these ]mes must be parallel to each other. 
It is not usual to make the seW A B of 
the shape shown in the figure; it is more 
nrenient to mate it vrith three straight, sviea,m'Cii,aa^sft 
table for various purposes ; very connaori^ cm& (A *iQ» 
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angles is made 90" or 100°; bnt for the mere drawiag 
of parallel lines it does not matter what may be the 
ingle. 

If there be already drawn on the paper some lines to 

fhioh we wish to make parallels, we first lay C B along 

lat Une, and then bring the rule K R up to the side A C. 

Tlie rule is now to be held firmly and the seii A C B slid 

II along it as far as may be needed. A very little practice 

^■ifoffices to make the learner expert at this operation. 

II Having made a triangle ABC, draw through A a line 
parallel to B G, and through C one parallel to B A, meeting 
the former in D ; join E D crossing A in E ; through E 
draw EF parallel to AB, meeting BO in F, join AF 
crossing B E in G ; draw G H parallel to A E, join A H 
cutting E D in I, make I K parallel to A E, and continue 
the operation in the same way. If this be rightly done 
BF is the half of EC; E H the third part ; EKthe 
lurth part, and so on. 



I 



EXBRCIBE 2. 



Having made a convex tetragon A B C D and drawn its 
diagonals, through B and D draw parallels to A C contiuu- 
ing each both ways ; through A and C draw parallels to B D, 
ig the former parallels ; the four-aided figure so 
led is double of the tetragon. 

3. 

I' Of the trigon ABC divide the side A E into .three equal 

bAD,DE, EB; drawEFandDGparaUelto AC, 

landDS paraUel to B G, tten ¥ B. smi. G; \ ^w^' 

tlleltoBA, and the three lines D G,^\,^ "S. -Sw 
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pass through one point. The surface of A B C is thus 
divided into nine equal parte. 

EXEECISE 1. 

Uake the same kind of construction vrith A 6 divided 
into five equal parta. 



LESSON SXIY. 




Every tetragon or four-cornered figure has four sides. 
The length of these four sides, however, does not determine 
or settle the shape of the figure. Thus if it wens proposed 
to construct a tetragon having its sides 
23 , 27 , 31 , 35 we might draw A B, 
23 ; and at any angle with it. B C, 27 ; 
then to find the place of the fourth 
' comer we sweep an arc with the radiua 
31 from C as a centre, and cut that 
by another arc described from A as a 
centre with the radius 35 . The tetragon or quadraBgle 
ABCD would then have its four sides 23, 27, 31, 35 
as desired. But we might have made the angle ABC 
differently, and bo we may construct a great many tetra- 
gons with the same lengths of sides, and yet not two of 
the figures alike. 

In order to determine the figure completely we must 
have another measurement. If, for example the angle 
ABC were known, or if the distance A C were known, the 
Bgure woaJd be determined ; and thiia Jlije m.eaKosBaiKQ.\a 
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are needed to determine a four-cornered figure. We must 

not be too hasty, however, and conclude that five measnre- 

menis are enough to fix the tetragon. Thus if it were 

proposed to construct A B CD having AB = 27 , B C = 23 , 

CD = 31, DA = 35 and the angle a, 

ADC= 81°= 90?, we should begm by 

making AD 35, the angle ADC 8P, / 

andDC31. A, D and C are then cer- / 

Wnly three comers of the figure. To / 

fed the fourth comer we describe two v'- — -------IlliiO 

circles, one from A with the radius 27 , ^ 

the other from C with the radius 23 . These two circles 
cut each other twice, at B and at i, so that we have two 
figures ABCD and AiCD each with the prescribed 
dimensions. Five data {datum a thing given) then are 
not always enough to determine a tetragon; we do not 
need a sixth measurement, but we must have some in- 
formation to guide us in choosing between the two ; thus 
if we be told that the angle at B is to be salient (pro- 
jecting) or that it is to be re-entrant, we should know 
which of the two points to take. 

EXEBCISE 1. 

Constract a convex tetragon ABCD having A B = 61 , 
BC = 36, CD = 20, DA = 51, and AC=65; measure 
BD. 

Exercise 2. 

Construct a tetragon EFGH having EF = 63, FG = 
52 , G H = 3 3 , H E = 52 , and E a = 2 5 , and make a con - 

struction as in Exercise 2 of Lesson XXIIL Try tf 
out that the jparallelogram is double oi "Ei"© Qi'S.^ 
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ExEHOISK 3. 

The tetragon I KLM liaaIK=31, IKL = 75^ KL 

= 39, LM = 26, MI = 19, the angle at aUbeiog salient 
(leaa than ISO"), conetrnct it and nieaBure KM. 

ExEBOIBEi 4. 
ConstructNOPQ with NO = 38, NOP = 65^ OP 
= 28, PQ=13, QN = 27, the angle at Q being re- 
entrant (greater than 180°). Measure Q, and the angles 
at N, Q and P. 



f 



CoDBtmct KSTU with ES = 29, £81=82°, ST = 
32, STU = 109°, TU = 23. Meaanre S U, U R, R T, 
and the angles at U and B. 

ExEBCIBE 6. 
Confitnict VWSY with TVW=99S VW = 19, 
VWX=102'', WS = 28, and WXT = 93''. Measure 
VX, XY, YV. 

EXKROISE 7. 

Pnt together the measnrementB DA 8 = 112", AB = 17, 
ABG = 115%BCD=60°, CD = 32. 



LESSON XXV. 

THE POUE ANGLES OP A TBTBAOOK MAKE TOGETHER A 
■WHOLE TimN. 

We may easily be satisfied of this by using the illustration 
of Archimedes ; or we may oheerTe that every tetragon 
may be divided into two trigons whose sis angles to- 
gether just make up the four angles of the tetragon : now 
ibe three angles of each trigon nmVe toge&et ^ioM. ft. \smi., 
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wherefore the four angles of the tetragon must make up i 
wliole tnm. 

Hence if three angles of a tetragon be measnred, the 
fourth angle may be calculated by adding the three to- 
gether and Bobtracting the amount from 36U° or 400°. 

In a tetragon a side is opposite to a side and an angle to 
an angle; thna AB is opposite to CD, and the angle 
C B A is opposite to the angle ADC; whereas in the 
ttigDn a side is opposite to an angle. 



LESSON XXVI. 

I? ONE PAIE OF PAKAlIiEL LIBIB BE CE08SKD BY ANOTHEE 
PAm, THE ENCLOSED lETBAOON HAS ITS OPPOSITE SIDES 
EQUAL TO EACH OTHEE. 

tDS if the parallel lines A B, D C be crossed by another 
■ of parallels BC, AD; the tetragon ABCD so 
med has its opposite sides A B, G D alike, and also B C 
lal to A D. A figure of this 




Jlel lined), it is also called a , 
vkoinhoid. 

Having drawn one of the dia- 
gonals D B, we notice that the 
angle DBA is eqnal to its alternate B D C, and that 
A D B is equal fo C B D, so that the two triangles into 
which the figui^e is divided must be alike in every way ; 
the one turned half round would just fit upon the other ; 
or if the whole tetragon were cut ont, and turned half 

Ed it would fit again into the same ■ji\a.G6 ■, tti& 4ia^ 
tiien taking up the position D B. 
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If the other diagonal A C be drawn, it wonld, when the 
figure ia replaced, take up the position C A, and the point 
E at which the two diagonals cross each other would be 
again in the same place ; wherefore AB=OD, BC^DA, 
AE=EC, BE=ED, and E k the centre point on which 
we may suppose the figure to have been turned. The 
opposite angles of a parallelogram are also alike. 

Exercise 1. 
Construct a parallelogram with an angle of 73 degrees, 
the containing eddea being 37 and 43 . Draw and measure 
its diagonals. 

Exercise 2. 
Make a rhomboid with an angle of 125°, the containing 
sides being 31 and 52 . 



LESSON XXTII. 

ON BECTANGLIS AND SQUAKEa. 

The quarter of a turn is called a riffkt angle, which is 
therefore 90 ancient or 100 modern degrees. An angle 
leas than a quarter turn is called acute (from acutus sharp) 
and an angle between a quarter and half a turn is oW«se 
(blont). Now all the angles of any tetragon make 
together one turn or four right 
angles, wherefore of the angles of 
a parallelogram if one, say that 
at A be acute the opposite angle at 
C must be acute also, and those 
at B and D must necessarily be obtuse. But if A be 
exaetlj a right angle, G miwt ^ e.\aci a (^oMSjst ^"oxs.-. 
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wherefore those at B and D*mnst together make half a 
turn ; bnt they are alike, wherefore each of them must be 
right; in other words, if one angle of a parallelogram be 
right, the three remaining angles are right also. A right- 
angled parallelogram is called a rectangle ; the longer side 
is called its length, the shorter side its breadth. 

The rectangle, like all parallelograms, may be turned 
half ronnd and replaced ; thus if the interior paper ah c d 
were separated from the outer part of the page, it might be 
turned half round so that C come to A, c2 to B, a to G and 
i to D. But it may also be reversed face for feice and re- 
placed, e being put to B, c2 to A, & to C and a to D ; and 
still farther it may then be turned half round. Thus 
a [rectangle may be fitted into the same place in four 
different ways ; two with one face up, two with the other 
&ce up; whereas a rhomboid having an acute angle 
cannot in general be reversed face for face. From this 
it is dear that the diagonals of a rectangle are of equal 
lengths. 

If the length and breadth of a rectangle be made alike 
it is called a sqtuire. The square may be 
turned quarter round and replaced, thus e 
maybe put to B, c2 to G, a to D and & to A ; 
hence the square may be fitted into its place 
m eight diflFerent ways. We see also that ^' 
the four angles round the point E are all alike so that 
each of them is a right angle. 

EXEBOISE 1. 

Construct a rectangle 35 in length, by 12 in breadth, 
and measure its diagonals. 




r 
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EX£BGIS£ 2. 
recl»Qgle under 20 aad 21 and measure its 



Conatxnct a 
diagonal. 

N.B. These two expressions are comn 
a board is 85 inches hij 12 inches; or a 
35 and 12 . 

EXEBCISE 3. 



Q, thna we e&j 
3ctangle under 



twenty-nine parts, and meaanre its 
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I 



ON THE KHOMBUS AND LOZENOE. 

When the four sides of a parallelogram are all alike, the 
figure is called a rhombus ; the word is Greek and very 
far-fetched ; pofL^o'i means round, and also denoted the 
shape of the leaden pellet used by slingera ; this pellet 
was in the form of a double cone, therefore rouud when 
seen in one way, four-cornered when seen across the axis. 

The rhombus may be turned half round, or it may be 
reversed face for face and replaced; like the rectangle it- 
may be fitted in four positions. Hence its diagonals, 
though not of ei^ual lengths, make four equal angles at 
the point E. 




■ When a tetragon has ila adjacent sides equal in ptuJS, 
a? wlien AB ia equal to AD.aul CB \joGD,w9 may 
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call it a Imenge (from the French lozange). This fignre 
may be reversed face for face, the comers A and C return- 
ing to their former places ; E D is equal to E B, and the 
angles at E are right angles. 

It may be observed that the square belongs to all of 
these classes of figures ; it is a parallelogram, a rectangle, 
a rhombus, and a lozenge. We may also notice that the 
middle of the sides of a parallelogram are the comers of 
another parallelogram; the middles of the sides of a 
rectangle are the comers of a rhombus ; the middles of the 
sides of a rhombus are the comers of a rectangle ; and lastly, 
those of the sides of a square are the comers of a square, 
as may be seen by examining the reversions of the figures. 
The middles of the sides of a lozenge are the comers of a 
rectangle ; but the truth of this theorem is not quite so 
apparent. 

Exercise 1. 

Gonstmct a rhombus having an angle of 54t^y and each 
of its sides 35 . 

Exeboise 2. 

Constract a kzengo with AC = 37, AB = AD=26, 
B C = D = 15 , and measure the cross diagonal B D. 

Exercise 3. 

Construct a lozenge with AC=40, AB = AD=45, 
B C=D C= 13 , and measure B D. 
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LESSON XXIX. 



ON PEnPENDICULARB. 



The rigtt angle is so often needed in business that instru- 
ments are constructed expressly for enabling ns to draw 
it. For work on paper we use the sett described in. 
Lesson XXIIL, the angle BOA being made a right 
angle ; and the side A B being made straight and inclined 
at some angle which may suit some particular purpoBs. 
The instrument in this form is called a set-square. 

Our first business is to know whether the set-equare be 
true or not. For this we a[)ply it to a straight rule R E,, 
aad draw carefully a lino along the free side. Then 
reversing it face tor face we apply it again to the rule, 
bring the free side close to the line formerly drawn and 
examine whether it apply thereto, or we draw a second 
line close to the first and see whether these be parallel. 




This is just the way in which a mason verifies his ! 
plnmmet ; he places the instrument upon a level st 
changes its position face for fiice, and examines whether j 
the cord to which the lead is tied come again to the same J 
mark. Hence the name perpendicular is given to the 1 
sides of a right angle. Instead of this long Latin word 1 
we might use the shorter Greek one normal having 1 
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the same meaning ; only in other branches of geometry this 
latter word is used with a slightly different signification. 

We have sometimes to obtain perpendiculars by help 

of the compasses. Thus if it were iB^ 

leqnired to raise at the point B a 

line perpendicular to the straight 

line ABGy we should measure on 

either side of B two equal distances 

BC, BD, and then from the points ^ 

C and D as centres sweep arcs of 

equal circles crossing each other at E \ the straight line 

BE is then perpendicular to A C. 

Or if it were required of us to let fidl from the point A 
& perpendicular to the line B we should take in B C any 
convenient point D, and from D 
^th the radius DA sweep an arc 
^ the other side of the line. Then 
^ni some second centre E also in 
Be, we should draw another arc 
t^t with the radius E A, crossing 
fie former arc at the point F, 
flien the line A F is perpendicular 
to BO. For if DA, AE, EF, FD were drawn the 
figure would bo a lozenge. 

EXEBOISE 1. 

Construct a triangle with the sides 85 , 66 , 41 , and from 
each comer let fall a perpendicular upon the opposite side, 
using the compass. 

EXEBOISE 2. 

Construct a trigon with the sides 87 , 74 , 61 , and drp-- 
the three perpendiculars^ using the set-square; met 
^ perpendiculars* 

PABT I. 
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Exercise 3. 

Construct the trigon with the sides 91 , 73 , 60 ; bisect 
the three angles^ continning the bisecting lines to meet the 
opposite sides ; measure those lines and also the parts into 
which the sides are divided. 



LESSON XXX. 

TO BISECT OB HALVE A GIVEN STRAIGHT LINE. 

Ik general the most convenient way of halving a straight 
line is to measure it by help of a good scale and to take the 
half of the number ; thus if the line measure 58*6 , its 
half is 29*3 ; and we may mark the middle point quite 
easily. We can hardly halve a line on the ground in any 
other way. 

On paper we may bisect a line by drawing parallel lines. 
Thus if the middle of the line AB be wanted we may 
draw, by help of the set-square and a rule, two pair of 
parallel lines through A and B, crossing each other at C 
and D, then joining C D we obtain E the middle of A B. 





Or, using the pencil compass we may estimate a little more 
than the half line and, with that distance as a radius, may 
sweep two arcs of equal curcles from A and B ; joining the 
cusps C, D of these arcs, we obtain E the middle point. 
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Here if A C, C B, B D, D A were drawn, the figure would 
be a rhombus. On account of the number of operations 
neither of these processes is so trustworthy as the mode of 
trial, or that by help of the scale. 

The bisection of an angle may be efiected by the inter- 
section of circles, or by help of the protractor. 

Thus if it be required to draw a straight line which 
shall divide the angle ABC into two 
equal parts, we may measure the 
number of degrees, take the half of 
that number and make a mark 
accordingly. Or we may measure ^^ 
along BA and BO two equal dis- 
tances such as BD, BE; from D and E sweep arcs 
of equal circles crossing at F, and join B F. 
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TO DIVIDE A STBAIGHT LINE INTO EQUAL PABTS BY HELP 

OF PARALLEL LINES. 

Let it be required to divide the straight line AB into 
five equal parts. 

From A, one of the ends, let us draw at any angle a line 
A C ; then assuming some distance, let it be laid off five 
times along A 0, as A D, D E, 
EF, FG, GH. Join now 
HB and through G, F, E 
and D draw parallels to HB; 
these parallels cut B A into 
five equal parts at I, K, L, 

and M. Li order to show that these paite %.t^ ^«jc\siL^^<^ 
may draw KN parallel to F G, tima fonmxi^ ^ ^^csS^sStfi 

IS. ^ 
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gram FGNK; KN then is equal to FG. But m" 
account of the parallelism of G I and D M, the angle 
K I N is equal to AMD; and because K N is parallel to 
A C, the angle I K N is equal to M A D, so that the 
trigon K I N is a copy of A M D, and E I is equal to A M. 
In the same way it may be shown that each of ML, L K, 
IBiB equal to MA, aud thus the line AB ia equally 
divided into five parts. 

Thus wo may conclude generally that if a set of parallela 
divide one straight line into equal parts, they divide any 
other straight hne drawn across them also equally. 

This theorem contains the principle of all linear dividing 
engines. 

ExSBOISB. 

Divide a line of 3 inches into eleven eqnol parte. 
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ON RATIOS AND PBOPOHTIOTre. ^^ 

If two triangles ABC, D E F have their angles alike 
we say that they have the same shape ; they may difler 
very much in size. The side 
' A B is longer than A C, and 
in the other trigon DE is 
longer than DF; comparatively 
as much longer ; in reality the 
difference between D E and D P 
is, in the present instance, much 
more than the difference between AB and AC. The com- 
parison of two magnitudes of the same kind leada us to 
/brm an idea of what we ca\i tteii ratio ■■ li it'?, -^tift 




^ 



mhm as long as A C, D E would bo twice as long aa D F 
FAB is not quite tbe donble of A C, and D E is not quite 1 

the double of D P. If A C were divided into throe equal 
parte A B would contain about five of those ; and ii' D F 
were also divided into three parts D E would be about five 
t?)f these. 

Thua the comparison of two magnitudes is always made 
Y help of numbers. 

We divide one of the magnitudea into equal pai-ts, or 

I we imagine the division, and then consider how many of 

■these parts go to make up the other of the magnitudes. 

; for example, on dividing A B into five parts we find 

bat A C contains three of them, we say that A C is three 

ii parts of A B, that A B is five third parta of A C, that 

e ratio of A B to A C is that of five to three, or that the , 

btio of AC to A B is the ratio of three to five. These 

ifferent statements are in truth only difierent ways of 

faaking the same statement ; we abbreviate them thus 

AO = ^AB; AB = fAG; AB:AG:;5:3; AC:AB::3:5. 1 

pow, in the above trigons, if A B be five-thirds of A 0, 1 

[) E is five-thirds of D F ; ao we say that the ratio of A B | 

oAC is the same as the ratio of DE to DF, and we '; 

nite this as under, | 

AB : AC :: DE : DF ; 

or A C : A B : : D F : D E. 

I 

Ratios occur in every branch of business. Thua the ' 

I partners in a mercantile affiiir divide the profit in nro- 
i portion to their shares of the capital ; the r 
■*hole capital to the whole -piofi-t being also th^ 
bier's share of the capital toloiB ^toie ol'fii 
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is very common to state the rate of profit aa bo much per 
hundred of the capital ; thus a banting company may 
declare dividends at 23 per cent. ; that is 23 for every 
hnndred of capital, the ratio of the capital to the profit 
being in such case 100 : 23 . 

If wo dissolre a quantity of eaU in water, and stir the 
whole till it be uniformly mixed ; the ratio of the weight of 
salt to the weight of water in a single spoonful of the eola- 
tion, is the same as that of the total weight of the Bait to 
the total weight of the water. 

Thns ratio does not concern the absolute magnitudes, it 
has to do only with the comparative magnitudes. Two 
very Bnmll objects may have the same ratio as two very 
great ones. This idea runs through all language, thus 
we speak of a large fly, or of a small house ; of a fly larger 
than flies usually are ; of a house amall in comparisOD 
with other houses. 

It is more easy to operate on straight lines than on any 
other kind of magnitude: wherefore we shall exemplify 
what we have to say on this subject by help of them ; or, 
as it may otherwise be stated, we shall represent magnitudes 
in general by straight lines, whOe treating of ratios. 
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Let the two proposed magnitudes, two angles, two weights, 
two money values, be represented by the straight lines A. B, 
C D ; and let it he required of us to find their ratio in 
aumbers. We should naturally aa^, measoia 'Odem -m^ 




RATIOS. 55 

Psome scale, and tlien the nnmbers will give what ia wanted ; 
I bat here we observe that neither of the two linea may be 
L exactly so many diviaions, so that the method, though very 
I ■ conrenient for general parpoaea, ia, strictly speaking, inap- 
' plicable, nnlesa we caa find a scale on which both may be 
measnred. The commercial plan is to divide one of them 
8ay A B into 100 equal parta and to measure C D by those 
parta ; in the example before us C D is nearly 73 of them, 
that is CD is about 73 per cent, of AB ; but then the 
hundredth part of A B may not go exactly in C D. 

Thus, in order to get the true numerical expression for 
the ratio, we must find out into what number of parta A B 
must be divided ao that C D may 

contain so many of them without ^ 

error. Whichever way we take it, ^ ^ ' ^ 

the problem comes to be this, " to 5_JJ 

find some line which shall be 

contained exactly in A B and also " 

exactly in CD," or as it ia usually " 

expressed, " to find the comtnon measure of A B and C D." 

To shorten our language we shall call this unknown common 

measure M. It ia quite clear that if M may be stepped 

» exactly from A to B, and also exactly from C to D, the 
excess of AB above CD must ako contain M so many 
timra without remainder ; wherefore if we make E F equal 
to the difference between A E and C D, M must be a 
measure of E F ; and now we must seek for a meaBore 
common to C D and E F. 

Proceeding in the same way we take E F from D, 

the remainder ia more than E F, we therefore again deduct 

it and find that C D less twice E F ia G H ; the common 

^H meaaore M then must step exactly feota G to H. ; ■ 

Hkfe annrnm to £JF and Cr H. H 
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ContiDning the smne process we take GH from EF' 
and find the remainder I K ; taking this I K from G H 
there remains L, which again taken from I K leaves the 
small excess M, bo amtUl that we find it difficult to pro- 
ceed farther; M, as far as we can make out, goes six 
times in L. If it really do go exactly six times it is the 
measure common to all the lines I K, G H, E F, C D and 
AB. On account of the errors incidental to all anch 
measurements, we can only say that M is, as nearly as 
can be found, the required common measure. 

Having now got M which exactly meaauiea both CD 
and AB, we have to count how many times it goes in 
each of them. To do this we observe that L = 6 M, that 
IK = L + M = 7M; again GH = IK + L = 7M + 
6M = 13M; EP = GH + IK = 13M+7M = 
20M;CD = 2EF + GH = 40M+13M = 53M; 
and lastly AB = CD + EF = 53M + 20M=73M; 
so that A B : C D : : 73 : 53 . 

Drawing two straight lines at random, the learner 
should practise this operation until he be satisfied that he 
completely understands it. 

It may happen, indeed it often does happen, that the 
two magnitudes have no common measure ; in such cases 
the ratio cannot be accurately expressed in numbers ; but 
in all cases we may find a numerical expression sufficiently 
near for any actual purpose. The case of incommensuia- 
bles will be discussed in a future lesson. 

A convenient arrangement of the work may be used as 
under. Using a single letter to denote each line or other 
magnitude, let ua suppose that, in seeking the ratio of a 
to h, we find that 6 goes twice in a with a remainder o, 
that c goea once in h with A over ; that d goes five timefl 
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in c with e over, and so on ; the resnlts of these trials may 
be written 

6 = lc + d 
c = bd + e 
d=:3e+f 

ff=:3h 

in which case A is the common measure. Beginning with 
the last and proceeding backwards we find 

f=4tff + h=^ l^h+ h= 13h 
e=:lf + ff=: 13h+ 3h= 16A 
d = 3e+f= 48A+ 13A= 61h 
e = 5d + e=:305h+ 16 A = 321 A 
l = lc + d = 321h+ 6U= 382A 
a=26 + c=764A+321A=1085A 

sothata :6::1085 : 382. 

Space and time may be saved by writing the successive 

i'6sults at once opposite the lines, as in the following 

example, 

a = 46 + 6 = 252/ 

h=3e + d= 59/ 

c = ld + e= 16/ 

d = 26+/= 11/ 
e = 5f =5/ 

EXEBOISE 1. 

Make a square and find the ratio of its diagonal ^ 
dda 



r 
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Exercise 2, 

Divide the circumference of a circle into five equal parts, 

join the points of division so as to form a pentagon ; draw 

also one of the diagonals and find the ratio of that diagonal 

to the side of the 



ESEBCISE 3. 

Make an ecinilateral trigon, draw a perpendicular from 
one comer to the opposite side and find its ratio to one of 
the sides. 

Exercise 4. 

Divide the circumference of- a circle into seven equal 
partfl ; draw the sides and diagonals of the heptagon. Find 
the ratio of the longer diagonal to the side ; find also the 
ratio of the shorter diagonal to the same side, and thence 
compute the ratio of the one diagonal to the other : yerify 
the result by trial. 



LESSON X5SIV. 



THE HATIO OP TWO MAGNITT3DI3 IS THE SAME A3 THAT 
OP THEm DODBLES, TRIPLES OB OTHER EqUOIDL- 
TIPLE8. 

Let a and b be two magnitudes ; A and E their doubles ; 

let also m be the common measmre of a and i ; and make 

a M double of m ; then it 

6 ni — is clear that M goes in A 

A just as often aa m goea 

B M JQ a, and as often in B 

as m goes in h ; wherefore the same numbers which . 
express the ratio of a to b expiesa also \Xi!A qI Ev \ci "S. i 
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The identity of these ratios is expressed by the ordinary 
notation a : 6.:: A : B 

which is called a proportion; A and B being said to be 

proportional to a and h. The same statement may be 

made in the form 

6 : a : : B : A. 

If instead of the doubles we were to take any other 
multiples, the same reasoning would hold good, thus we 
maywrite a : J :: 5a : 56 

or if 71 stand for any number whatever 

a : h w na : nh. 

Of course the same theorem holds good of the halves, 

third parts and other svhmultiples of two quantities ; for 

if A and B be the doubles of a and 5, these again are the 

1 1 
halves of A and B. That is in general a : 6 : : - a : - 6; 

n n 

and consequently if r and s stand for any two numbers, 

a : : : - a : - 0. 
s a 



LESSON XXXV. 

PARALLELS DIVIDE ALL INTEBSEOTED LINES PROPOR- 
TIONALLY. 

If three parallel straight lines be crossed by the lines ABC, 
D E F, these latter are cut proportionally, that is to say, the 
ratio of AB to BG is the same with the ratio of DE to EF. 
In order to find the ratio of A B to B 0, we take A ^ 
which happens to be the less, out of BO •, \\» ^<:s^ • 
witii a O over. Tbrongh Gt draw GH. igw»M. V« 
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and cutting E F in H, then, from what was shown in 
Lesson 'SXXI., E H is equal to D E. Thus, however 
often A B may go in B C, just bo often 
does D E go in E F, and if there bo a 
remainder on the one line there i 
be a corresponding remainder on tha 
other. Wherefore the numbers 
pressing the ratio of A B to B C mnat 
also express that of D E to EF. 
We may therefore write A B : B C : : D E : E P, and 
we may alternately say that the ratio of A B to D E is the 
same with that of B G to E F, For if M be the common 
measnre of A B and B G, while l!^ is the common meosare 
of DE and EF, we must have M : N :: AB : DE, 
becaose A B and D E are equimultiples of M and N. In. 
the same way M : N : : B : E F, and therefore 
AB : DE :: EC ; EF. 




LESSON SXXTL 



Thus if the angles BAG and G B A be equal respectively 
to E D F and FED, tho sides of the triangle A B G are 
proportional to those of D E F ; 
that is to say the ratios of A B 
to D E of B C to E F and of 
G A to F D are all the same. 
For if we measure along DE 
the distance D G eqnal te A B 
'' and draw Cr H paraUel to E F, 
we shall thereby form a trigon D Gr H eqnal to A B G. Nov 
I>0 : DE :: DE. : B'P accoiding to -wW^. -waa fesyni 
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in the preceding lesson, wlierBfore since D G and D H are 
copies of AB and AC, AB:DE :: AC:DF. The 
trigon A B G is in such a case said to be R' T i'l ar to 
DEF. 

K we provide two scales of equal parts sncli that A B 
shall measnre as many parts on the one as I) E measores 
on the other ; then the meaaurementa of B C and C A on 
tha former scale wiU correapond with those of E F and 
FD on the latter. 

Hence if we construct two trigons with the same nnm- 
1)618 of parts but measured from different scales, their 
uigles will be alike ; they will have the same shape or be 
similar to each other, although they differ in size. 



ConBtruet a trigon ABC having AB = 53 , B C = 59 , 
C A = 71 , measure ita angles. Make a second trigon 
havmg D E = 37 , having also the angle E D F = BAG, 
and F E D = C B A. Compute now the lengths of E F and 
D F, and verify the computations by measurement. 



^9? 



LESSON XSXVII. 



i 



The pentagon A B C D E being given, it is proposed to 
make another similar to it and on a scale of two-thirds. 

In this case if the scale for A E C D have twenty 
divisions to the iuch, the scale for the new figure muFt 
have thirty. 

'B&vmg divided the pentagon into \iig,oiis \i'^ &ss! 



J 



I 
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two diagonaJs as B E, E ; make eomewhere on papei a 
line a b two-thirda of A B, that is measnrmg as many 
divisions on scale 30 as A B measoies 
: on scale 20 ; measure now with the 
protractor all the angles in the figure 
and mate hae, eh a equal to B A E, 
EB A, thus obtaining the trigon ahe 
similar to A B E. At e and b make 
angles equal to those at E and B, so 
getting bee similar to B C E, and 
thTis proceed nntil the figure be com- 
pleted. 

Otherwise we may measure all the lines in the given 
figure by scale 20, and with the corresponding numbers 
of parte from scale 30 construct the three triangles. 

Id the former process the proportionality of the lines 
resolta from the equality of the angles ; in the latter pro-' 
cess the equality of the angles comes from the propor- 
tionality of the hn^. 



LESSON SXXVIII. 



Construct a pentagon abode si milar to that of Exer- 
cise 7) Lesson XVII., and having a b= 20 . 



If the circumference of a circle be divided into equal parts, 
and if the chords of these parts be drawn, a polygon will 
be formed ; which, if cut out, may be tamed partly ronnd 
and replaced. All its sides are alike and all its angles are 
alike ; such a polygon is said to be regular. 
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A regular figure of three sides, or an eqnikteral trigon, 
has each of its angles the sixth part of a turn, that is 60 
ancient or 66f modem degrees; for all three together 
make half a turn. A regular figure of four sides, or a 
square, has each angle one-fourth of a turn, that is 90 
ancient or 100 modem de- 
grees, as we have already 
seen. All the angles of a 
pentagon make together 
three half turns, that is half 
a turn for each of the three 
triangles composing it ; 
wherefore each angle of a 
regular pentagon must be 
three-tenths of a turn, that 
is 108°=120^ 

A figure of six sides is 
composed of four trigons, 
wherefore aU its angles make together two turns ; so that 
the angle of a regular hexagon must be just one third 
part of a tum or 120°= 133^^ 

In the same way we may compute the angles of regular 
figures of a greater number of sides. The angle of a 
regular heptagon, for example, is -^ of a tum. 

In general if tj be put for the number of comers, n^2 
is the number of trigons composing the figure, and there- 

fore —^ the number of turns equal to the sum of all its 

Angles. Taking the nth part of this to get the value of 
one of them when they are aU alike, the formula 

n-2 
2n 
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gives it in fractions of a turn ; this may otherwise be 

written - — . 
2 n 

EXEBOISE 1. 

Oat, in' cardboard, a number of equilateral trigons and, 
put them together. 

EXEBOISE 2. 

Gut a number of squares to serve as paving tiles. 

• 

Exercise 3. 
Out a few regular pentagons of one size. 

EXEBGISB 4. 

Out a number of regular hexagons, and put them toge- 
ther. 

Exercise 5. 

Out three regular heptagons of one size. 



LESSON XXXIX 

ON THE MEASUREMENT OF SX7RFAGE. 

In order to measure a line we take some known length, an 
inch, a foot, a mile, as the unit of length and, adding this 
unit again and again to itself, try how many times it must be 
repeated to make up the line which is to be measured. Soit 
was in angles ; the real or absolute xmit of angle is the whole 
turn, but for convenience we divided this into degrees and 
kK)k the degree as the unit : an angle was measured by 
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laying one degree to another {on the protractor) until the 
proposed angle 'was made up. So it is, and so it must be 
in the meaaaremeut of all kinds of meaaiireable magnitudes. 
In order to measure umghi or to weigh we take some 
known weight, as an ounce, for the nnit, and add ounce to 
ounce until we equipoise the thing to be weighed. 

When we have to measure surface, we mnafc take some 
known bit of surface and repeat this until the whole figure 
which is to be measured be covered up. Here we meet 
with a difficulty : the unit must not only he known in 
size, but its slia'pe must be such that it may be repeated 
aide by aide each way. 

There must be aome connection between the unit of 
length and the unit of sui-face ; the obvious connection 
is that the unit of surface should be some regular 
figure with an inch or other linear unit for one of its 
dimenaiona ; and therefore we must seek for some regular 
figure capable of being repeated side by side. 

Beginning with the regular three-aided figure we observe 
that its angle is the sisth part of a complete turn, so that 
six trigons may be placed round a point without leaving 
any open space ; hence if we cut a great many equilateral 
trigons in paper we may pack them aide by aide ; they 
may be naed for co?ering a floor or a table. 




I The angle of the regular fonr-sided figure ia the fourth part 
«E a turn, 80 that four atich figures may bs placed 
p»j»int. Hence sguares may be useri £ot ao\feT«v% 
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The regnlar fiTe-sided figure has an angle of tliree tenth 
parts of a turn ; hence three pentagons may be placed 
ronnd a point, bat with an open or uncovered angle of one 
tenth part of a turn, that is of 36° = 40'. The regular 
pentagon then cannot be taken as the unit of snrface. 

The regular six-sided figure haa an angle of one third 
part of a turn; three hexagons may lie placed ronnd a 
point without any gap, and there- 
fore hexagons may be used for 
paving or covering Burface. 

The angles of all other regular 
figures are more than the third part 
but leas than the half of a turn. 
Three of them cannot be placed 
round a point and two of them must always leave an open ; 
hence the only regular figures which can be used as the 
Burfaco-unit are the tiigon, the tetragon and the hexagon. 
We shall afterwards have to measure hulk or soliditij ; 
now there are only five kinds of regular solids, and of 
these only one can be used for building or filling up space. 
Each of the remaining four would leave opens between. 
The cube has six square faces, and eight cubes may be 
placed around a point leaving no open ; wherefore as the 
cnbe must be used in the measurement of bulk, the square 
must be taken as the unit of surface. 

If, then, we measure lines in inches we must measure 
surface in square inches ; if we use feet for lines we must 
nae square feet in surface. 

Although we may place square inches side by side so as 
to cover up surface without any openings between the 
squares, vre cannot place them so as to fill up any figure 
having oblique angles, that is angles not right angles. 
There are always corners projecting beyond the boundary, 
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or portions awanting. The measurement of surface is thus 
somewhat troablesome. 

We may rule upon a piece of plate glass or on transparent 
paper two series of parallel lines formbg little squares, and 
placing it over any figure which is to be 
count the numher of complete squares ___ 
contained within it; and then esti- 
mate the fractional' pieces round the 
aides. To save part of this latter 
trouble we may put one of the ruled 
lines over a straight side of the 
figure ; also, to enable us to count in 
square inches, we should make the 
interval between the parallel lines some fraction, say the 
tenth part of an incL The surface of a figure \a often 
cailed its area ; the word area in Latin means a dried up 
or waate place, and thence an open or unoccupied place. 



b 



LESSON XL. 



TO MEAStfKB A BECTAMQLK 



Whbn each side of a rectangle contaiim the linear unit 
exactly, there is no difficulty in estimating its surface ; we 
have only to rule it, or to fancy it to 
be ruled into squares. Thus, of the 
adjoining rectangle, if the length 
contain eleven units and the breadth 
sis units, the surface, clearly, con- 
tains six times eleven, that is sixty-six square units. There 
are six rows of eleven squares each, or, taken croaf 
there are eleven rows of six Bi^aarea eaa\i. 



i 
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It is Tery common to state that "tlie product of the 

length by the breadth of a rectangle givee the area," and 
this may be a convenient way of putting the mattflt ; but 
the student must be careful not to he misled by it. We 
cannot multiply 11 inches by 6 inches; a magnitude can- 
not be a multiplier. We may multiply (that is take many 
times) a line by a number ; but to speak of multiplying a 
length by a length is to talk nonsense. The multiplicand 
{that which is multiplied) may be a number or may bo a 
quantity, the multiplier can only be a number, and the 
result or product is necessaiily a quantity of the Bame 
kind as the multiplicand. 

In the present case the multiplicand is the square unit 
and there are two multipHers, namely, the number of the 
units in the length and the nuijiher of the units in the 
breadth. The surface-unit multiplied by 11 gives na 
eleven square units for one row, and that multiplied by 
6 (the number of the rows) gives sixty-six square units ; the 
multiplicand is surlace, and the product is a magnitude of 
the same kind, it is surface also. 

The computation of the area of a rectangle whose 
dimensions are in integer numbers is easy: let ns now 
examine the case in which one of the 
dimensions is fractional, as when the 
length is 5 inches and the breadth 
2 1 inches. 

Here if we draw parallels dividing the length into 
inches, and intersect these by parallels at each inch of 
the breadth as well as at each part of the remaining 
two-thirdg of an inch, we perceive that the area con- 
sists of ten undivided square inches and of ten portions 
each of which is the third part of a square inch ; these 
ien portions make as much as three square inches and 
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one third part, wherefote the whole rectangle coatams 
\%^ square inchea. 

In order to obtain the area of a rectangle 3^ inches long, 
21 inchea broad, we may conatruct one 4 inches long by 
3 inches broad, and divide it into square inches; then 
dividing the last inch of the length into seven parts and 
the last inch of the breadth into five parts we draw 
parallels through the points of section and by their help 
determine the required rectangle as is shown by the strong 
lines in the figure. 





Here we have 3x2 = 6 entire square inches ; along the 
lower side there are 3x3 = 9 pieces each of them one 
fifth part of a square inch, along the side there are 
2x2=4 pieces each one seventh part of a sqnare inch; 
and lastly, in the very comer, there are 2x3 = 6 small 
rectangles of which thirty-five go to make up the super- 
ficial nnit ; hence the area is composed of fonr parts 

6 _ . 28 20 6 „ 19 
35«''^ + ^35 + 35 + 35 = ^35- 

Or we may proceed thus; having raade the rectangle 
as in the second figure, we divide the length into inches 
and seventh parts of an inch, in all twenty-three seventh 
parts, drawing parallels through the points of section 
Utd we divide the breadth into inches and fifth ^arta 
I inch, dmwing aD:aiD parallels, la t\aa ■wa.^ *ilaa ■'Ji 



i + sH 



i + 



ion ■ 
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rectangle is divided into 23 x 13 = 299 small rectangles of 

which 7 X 5 are contained in the square unit ; so that the 

299 19 . . 

area is -^nr = 8 vr= . The arithmetical process here is to 

multiply together the two fractions -=- and -^ ■ 

Now a fraction necessarily represents a quantity, and 
therefore, strictly speaking, one fraction cannot be multi- 
plied by another. The phrase "multiplication of two 
fractions " though convenient ia apt to give rise to indis- 
tinct notions. In the above operation we have in reahty 
four distinct steps, two divisions and two multiplications. 
Setting out from the square inch or other unit of surface, 
we divide it into seven equal parts ea^h one inch long and 
one-seventh of an inch broad ; next we subdivide that 
part into five smaller rectangles each one-filth of an 
inch long and one-seventh of an inch broad. This small 
rectangle, which is the thirty-fifth part of a square inch, 
now taken aa the temporary unit, is multiplied by 23 to 
make up one of the long rows, and this again by 13 to 
make up the whole rectangle. 



El. 

How many square inches are in the surface of a rectangle 
23 inches long by 17 broad ? 

Exercise 2. 
How many square yards of carpeting will cover a floor 
8 yards long by 5 yards broad ? 

Exercise 3. 
A rectangle is to contaiu 133 square inches, what must 
be ita lengtb when the breadth \b 1 mckea? 
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EXEBCISE 4. 

Eeqnired the area of a rectangle 27^ inches long by 14 
inches broad. 

Exercise 5. 

Construct a rectangle 3^ inches long by 2| broad, com- 
pute the area and show the details on the figure. 

EXEBOISE 6. 

Eequired the area of a rectangle 15|^ units long by 
9f units broad. 

Exercise 7. 

A board is 7A inches broad, by 3 feet b\ inches long, 
required its surface. 

Exercise 8. 

What is the area of a rectangle H of m^ ii^ch long by 
rj- of an inch broad ? 

Exercise 9. 

Eequired the surfiwse of a board 43*27 long by 7*41 
broad. 



LESSON XLL 

TO MEASURE A RHOMBOID. 



When the angle of a parallelogram is not right, the 
surface cannot be covered by squares. We cannot 
measure it directly, yet by a very simple expedient 
we may obtain the measurement. Thus if the rhomboid 
be AB CD, having an acute angle at A, we may draw 
from B a perpendicular BF to AD, thus cutting c"* " 
tzigoB ABF. By drawing tiiioxi^ C» ^^ ^ 
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parallel to B F and meeting the prolongation of A D 
in E, we add the triangle DCE which ie eqnal to 
ABP, and there is aa much surface in the rectangle 
■ F B E as there is in the rhom- 
boid A BCD. 

When two figurea containing like 
qaantities of snr&ice have not the 
same shape, they can hardly he smid 
to be eqoal to each other ; it is needed, for clearness sake, 
that we distinguish between complete equality and this in- 
ferior degree of it. Modem geometers say of two figures 
that have equal extents of surface, without reference to 
their shapes, that they are equivalent, that is of equal 
value (as it were at so much per square inch). The 
rectangle F B C E is, then, equivalent to the rhom- 
boid ABC D. 

Sometimes we call one side the hose of a rhombcnd, 
and the perpendicular drawn to it from the opposite side 
the cdtilvde ; thus, if D A be taken as the base, B F is the 
attitude of the rhomboid A B C D. Hence it appears 
that a rhomboid is equivalent to a rectangle having 
the same base and the same altitude, and hence also 
rhomboids on equal bases and having equal altitudes 
are equivalent to each other. 

Thus in order to compute the area of a rhomboid we 
measure its base and we measure its altitude (or breadth 
square across) and mnltiply together the numbers of unite 
in each, the result being the number of square units in 
the snrfece of the rhomboid. 

Any side may be assumed as the base of a rhomboid; 
if A B were taken as the base, the perpendicular D G 
would be the corresponding altitude. Thus we may 
■roceed in either of two 'waya, oVAanu'o.^ m Maei cmb 
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I F B C E, in tiie other G H C D ; whicli rectangles being 
f each eqnivalent to the rhomboid are eqnivalent to each 

other. In measuring a rhomboid it is prudent to use both 

processes and to compare the 

results. 

We see here that the rect^ 
[ angle F B C E is equivalent to 
I the rectangle GHCD: this 

circnmatance deseryea special 

attention. 

If we compare the trigon A D G with ABE, we find 

the angle at A common to both, and the right angle 

A G D equal to A F B. These two triangles then are 

alike in shape, and their sides are proportional, whence 

I AD: AB::DG:BF. 




In this proportion the extreme terms (the first and the 
fourth) are the length and the breadth of one of the rect^ 
angles, while the mean terms (the second and the third) 
are the length aod the breadth of the other rectangle ; 
whence the important theorem : — 

If four straight lines he proportional, the rectangle 
under the extremes is equivalent to the rectangle under 
I the means. 

ExEfiCISE 1. 
Construct a rhomboid with an angle of 64°, the eontain- 
I ing sides being 89 and 125 ; and compute its area. 



EXEBCISE 2. 

Beqiured the area of a rhomboid 'hB.TO^\\a w&3iT5 
S37with the contaised angle 40°. 



74 
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ExEECISB 3. 

The sidea of a rhomboid are 149 and 143 , while their 
contained angle is 70^, required the area. 

ExERoiaE 4. 
The two sides of a rhomboid are 156 and 84 , the alti- 
Tide on the former is 63., compute the altitude on the 
latter ; constnict also the figure. 



LESSON XLIL 

TO HE&SCBE THE SDBFACE OF A TBIGON. 

If we draw B D paraDel to A 0, and C D parallel to A B, 
we form a rhomboid just double of the triangle ABC. 
Drawing now B E perpendicular to A C we perceive that 
the rhomboid A B D C is equivalent to the rectangle under 

A C and B E ; wherefore the area of 

a trigon is equivalent to the half 
ectangle under its base (AC) 

and its altitude (B E). 

Since we may regard any one of 

the three sides as the base, and the 
perpendicular upon it from the opposite comer as the 
altitude, there are three modes of measuring the area; 
the results of the three ought to be the same. 

If one of the angles be obtuse, the altitudes or perpendi- 
culars let fall upon the sides of that angle from the 
opposite corners are outside of the figure. This, however, 
do^ not affect the truth of the above theorem. 




i 
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Exercise 1. 

The three sidea of a triangle are 33, 41 and 58, oon- 
Btruct it and compute its suriaee in the three ways. 

EXEBOSE 2. 
What 18 the area of a. trigoa having its eidea 6 , 25 and 



The three sides being 51 , 52, 63 , required the area. 

EXBROKE 4. 

What ia the sorfece of an equilateral trigon on the base 
\ 52? 

Exercise 5. 

Iteqnired the surface of a trigon whose sides are 65 , 76 
lands?. 

EXEBCIBE 6. 

Bequired the surface of a trigon whose sidea are 9 , G5 
Land 70. 



LESSON SLIIL 

TO OOMPUTB THE AEEA OF A TRAPEZOID. 

A F0UB-8IDBD figUTo having two of its sides parallel and 
the other two equally inclined inwards is called a trape- 
zium from the Greek ■rpiiire.^a. a table. The table was 
formed of boards laid on two tresaels, thus having the 
outline of a trapezium. When the non-parallel sides are 
irregularly placed, as in the figure A B C D, it is called a 
trapezoid (somewhat like a trapezium). 

IS we halve one of the obliqiie Biieft, sia K.^,\^'^, «s&. 
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througli tho middle point draw F E G parallel to the other 

oblique side D E, we shall form a rhomboid eqiiivalent to 

the trapezoid, because the surface A E F cut off by F E ie 

equal to BEG. The base FD 

/ \ of thia rhomboid is as maeh 

/ \ shorter than A I) as it is 

longer than B C ; it ia then 
half their sum, or as it is called 
the arithmetical mean between 
the parallel sides of the trape- 
zoid. Now F G C D is equivalent to a rectangle under 
FD and the altitude HI; wherefore the area of any 
trapezoid is equivalent to the rectangle under its altitttde 
and half the sum of its parallel sides. 

Exercise 1. 
CooBtruct a trapezoid on a base of 120 with an altitude 
48 , while the oblique sides, both eloping inwards, are 73 
and 60 . Compute its area. 

Exercise 2. 
A trapezium on a base 70 , with an altitude 45 , has each 
of its ends sloping inwards 53 long ; construct it and com- 
pute the area. 

EXEBCIBE 3, 

At the ends of a line 60 long, two perpendiculars are . 
dravm 53 and 64 respectively; their ends are joined; 
required the area of the trapezoid so formed. 

EXEEOISE 4. 

Construct the figure A B C D having A B = 37, A B 

= 7r,BC = 37, B0r> = 10r, audCD = 25; Mid oom- 

pute ite area. 



MEASUREMENT OF SURFACE. 
LESSON XLIY. 

TO JIEABTniE THE SUKFACE OF A TETRAGON. 




^V When it is required to ascertain the aiea of a contex 
^P fonr«ided figuie A B C D, we may draw A C one of its 
M diagonals, and on it let fall the perpendicutaia B E, D F 

from the other comera. The trigOE 

A B C is equivalent to half the rect- 

Iai^le under A C and B E, while C D A 
is equivalent to half the rectangle under 
the same A C and D F, wherefore the , 
whole area A B C D is equivalent to a 
rectangle under A C and half the sum ,_=:i:--3"V/^ 
of the perpendiculars B E and D F. \^ \ b J 

But when there ia a re-entrant 
angle ABC, the line A G lies without 
the figure, which figure ia then the 
difference between the triangle C D A and C B A. In this 
case A B C B ia equivalent to the rectangle under A C and 
half the difference of the perpendiculars D F and B E. 

We might have drawn the diagonal B D and upon it have 
let &11 perpendiculars from A and C ; so that the com- 
parison of the two resulta may serve to show the degree of 
accuracy of the measurements. 

Exercise 1. 
Construct the tetragon ABCD with AB = 15, B C=37, 
' CD = 39,DA = 17, AC=44, and compute the area. 



^ 




Exercise 2. 
Constmct the tetragon D E F G, having the angle at G 
1 re-entrant, with the , measurements DE = 34, EF = 25, 
FG=J7, GD = 2Q, anaDF=3a,ma.co-aiYiW\^a'4s^- 
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ThedimenaionaofHIKLaieHI = l)3,IK=16,KL 
= 56, LH = 33, and HK = 65; conatraet the tetragon 
aud compute ita surface. 

Exercise 4. 
Construct the convex tetragon M N P with M N = 46 , 
NO = 31,OP = 17,PM = 38, andMO=45, and com- 
pute its area. 



Construct Q £ S T, having T re-entrant, with the mesr 
sarementa QR=121, KS = 100, 8T = 40, TQ=79, 
and Q S = 90 , and compnte ite Burface. 



LESSON XLV. 



TO MEiBURE THE BDBFACE OF I 



Bt drawing hues across from comer to corner we may 
always divide the surface of a polygon into tetragons and 
trigons ; and by measuring the area of these and taJdng 
their sum, we obtain the total area of the figure. 

Exercise 1. 

ConBtmct the convex pentagon ABODE to the mea- 

anrements BE = 65, EA=12, AB = 55, BO = 57, 

CE = C8, CD = 43, D E=61, and compute its area. 

ExEKOISB 2. 

Conatraet the convex hexagon E G H I K L to the di- 
mensions L F = 44 , FG = 35, GH = 65, HI = 29 
= 51, KL = 40, LG = 75, GI = 68, IL = 77. 

ompate its sm-face. 
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EXEROIBE 3. 

Construct the convex heptagon A B C D E F G having 
fAB=BC=CD=DE=EF = FG=GA=81,£ind AE 
T »=E B=BF=F C=182, and compute its area. 
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ON EE0TANGLE8. 

I KE0TA1IOUI.AK BurfaecB occur bo often in business that it is 
exceedingly useful to know their properties and relations. 
We have already seen that the number expressing the 
area of a rectangle is the product of the numbers which 
express its length and its breadth ; hence the doctrine of 
rectangles mnst be related to that of products in arith- 
metic. Now if the letters a and h stand for two numbers 
we are accustomed to write a "Ah, a.h or simply a b 
for their product ; so if two lines P Q and V W be the 
one the length and the other the breadth of a rectangle 
we denote the area of that rectangle by the symbol 
P Q . W V, and we call it the rectangle under P Q and W V, 

I or the rectangle contained by P Q and W V ; those forms 
of speech, though somewhat meaningless, have got into 
general use. We shall examine a few theorems, that is 
matters worthy of study, concerning rectangles, 
au 
; 



(The rectangle under one line and the sum of two 
store lines is the sum of the rectangles under it and 
pf those lines. 
Thus if there be a line A B, au4 aerei 
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MN, P, the rectangle under A B and the Bum of those, 
which rectangle ia written AE.{KL+M N+OP) is the 
snm of the separate rectangles 
AB KL,AB.MNandABOP. 
In order to show the tmth of 
this theorem wc may draw a 
straight hne and measure along 
it the diatancea C D, D E, E F 
equal respectiyely to K L, M N, 
P ; then C F is the sum of these. At right angles 
to C F we make F 6 equal to A B, complete the rect^ 
angle and draw across it perpendiculars at D and E. 
It is then seen that the whole rectangle CF.FG or 
(KL-j-MN-fOP).ABis made up of the three rectanglss 
AB.CD, AB.DE, AB.EF. 

This corresponds to a very familiar arithmetical propo- 
sitioD, which is exemplified in such a statement as this that 
seven times three hundred and sixty-flve is made up of 
seven times three hundred, seven times sixty and seven 
times five or as we may write it 

365 X 7 = 300 x7 + 60 X 7+ 5x7. 

To state this proportion generally we make use of indefinite 
marks for numbers, thus we may put a, h, e, d, for any 
four numbers whatever, not for any particular numhera^ 
and may write 



(a + h + c)d = ad + bd+ od 



that is d times the sum of a, h and c, is made up of 
times a, d times b and d times e. 
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Theorem 2. 

' The rectangle under the sum of one set of lines and the 
sum of another set is made up of the rectangles under each 
separate line of the one set and every separate line of the 
other set. 

For the sake of shortness we shall name the lines by 
single letters. Let then the three lines a , 6 , c form one 
set and the two lines d and e a. ho 

another set; the rectangle under 
(a + 6 + c) the sum of the first ^ 
set and (d + e) the sum of the 
second set is made up of the six 
rectangles ad, bd, cd, ae, be , ce asis evident from 
the figure, which needs no explanation. 

This agrees with the ordinary process of multiplying 
numbers ; thus the product of 365 by 47 is made up of 
six separate products, namely 300 x 40 , 60 x 40 , 5 x 40 , 
300x7, 60x7and 5x7. 

In performing ordinary multipUcation the learner is 
very apt to overlook the reality of what he is doing and to 
mistake the mere symbol for it : thus he says four times 
six make twenty-four, not observing that it is in reality 
forty times sixty with the product twenty-four hundred. 

Theorem 3. 

The rectangle under one line and the difference of two 
other lines is the difference between its separate rectangles 
with those lines. 

Thus, A B being the one line and C D, E F the two 
others, let us make G H equal to G D the longer of these 
and from it cut off H I equal to ttifi ^at\«t \ ^<sck.^^ 
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the difference between the two. Make now G K perpen- 
dicular to G H and equal to A B, and complete the rect- 
angle G E L H, also draw 1 M 
parallel to GK. 

G I K M is the rectangle nnder 
AB and the difference between 
CD and EF; GHLK is the 
rectangle under A B and E F, 
wbaeHIMListhatunder ABandCD; now GIMK 
is the excess of G H L M over H I M L, wherefore 

AB.(EF- CD) = AB.EF-AB.CD. 

This theorem is only Theorem 1 stated in a different 



Theorem 4. 

The rectangle under the difference of one pair of lines 
and the difference of another pair is the sum of the rect- 
1 under the two majors and under the two minora, 
less the rectangles under each major and the alternate minor. 
Thus, in the adjoining figure, A C is the difference be- 
tween A B and B C, while A E, at right angles to' it, is 
the difference between AD and 
■ D E, so that A C K E is the rect- 
angle under the two differences, 
which is written (A B — B C) . 
(A D - D E). A B F D is the 
rectangle under the two major 
lines. Continue FB till EG be 
equal to DE, and complete the 
rectangle B G H C, this is the 
gle under the two minor lines EC and DE; and 
tJie whole figure A C H G F "D is tVe sum (>i tica Yeatonijlea 
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under the two majors and under the two minors. Continue 
now E K to meet F B in I ; then E I F D is the rectangle 
under the major A B and the alternate minor D E ; but 
I G is equal to AD, therefore KHGI is the rectangle 
under the major A D and its alternate minor B C ; and 
when these two are subtracted from the whole figure, the 
rectangle A K E remains ; so that 

.(AB-BC).(AD-DE) 
= AB.AD + BC.DE- AB.DE- AD.BC. 

This corresponds to the arithmetical proposition 
(a — 6)(c — d)=ac — ad— Jc + 6d. 



H 



Theobem; 5. 

The square on the sum of two Hues is made up of the 
squares of the lines and twice their rectangle. 

Since, a square is a rectangle with equal sides, this 
theorem is merely a variety of the second, but, on account 
of its frequent occurrence, it de- ^ 

serves a special notice. ^ 

A B, B C being two straight 
lines placed so that A is their 
sum, let the three squares A B F D, 
BCHG and ACKE be con- ^ 
structed all on one side of the 
line; the square of the sum is 
seen to exceed the sum of the squares by the figure 
DFGHKE. Let B F be prolonged to meet E K in I, 
and this figure is divided into two rectangles D F I E, , 
I Gr H K, each the rectangle under A B a\id B G, 

The square of A B, or the rectau^ wDAst k"^^isA K^ 



K 



84 



OEOMETBY ON PAPER. 



may be written AB.AB; it is more frequently written 
with the sign of repetition, viz. a small fignre placed above 
and to the right hand thus A B^, as is nsnal in arithmetical 
and algebraic writings. Using this form, the above theorem 
is expressed thus 

(AB + BC)^ = AB^ + BC^ + 2.AB.BC* 



M 



Theobem 6. 

The sum of the squares of two straight lines exceeds 
twice their rectangle by the square of their difference. 
A B and B C being two straight lines so placed that 

A G is their difference, let the squares 

' ABFD, BCHG be constructed on 

opposite sides of the line so that 

ADFGHC is their sum; make also 

A C K E the square of A C within the 

larger square, then it is seen that the 

square of th^ difference is less than 

the sum of the squares by the figure 

EDFGHKE; and on continuing EK to meet FGin 

I, this figure is divided into two rectangles D E I F and 

K I G H, each under A B and B C, so that 



(A 



B-BC)^ = AB^ + BC2-2.AB.BC. 



This is only a case of Theorem 3 ; the lines A D, D E 
happen to be equal respectively to A B, B C. The student 
may observe that the very same letters have been used for 
the corresponding points of the figures for Theorems 3 , 4 
and 5. 
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Theorem 7. 

The differeDce between the squares of two straight lines 
is equivalent to the rectangle xmder the sum and the 
dijBTerence of the lines. 

From A B D E the square of A B the longer of two 
lines, let A C F G the square of A C the 
shorter be cut out, and there is left, for 
the difference of the squares, the figure 
GFCBDE. By producing CF to H 
we cut this figure into two rectangles, 
the lesser of which GFHE may be 
removed and placed in the position 
I H D E, so as to make up, along with 
H C B D, the long rectangle I CB K. 
Now B K is the sum of the two lines A B, A C, and C B 
is their difference, wherefore 

A B^-A C^ = (A B+A C).(A B-A C) . 
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Theorem; 8. 

The square of the sum exceeds the square of the 
difference of two straight lines, by 
four times their rectangle. 

On A C, which is the sum of A B 
and B C, let the square A C D E be con- 
structed, and in the comers of this let 
the four rectangles A B F G, C H I B, 
DKLH, EGMK be placed, and 
there is formed in the middle MFIL which is the 
square of MF the difference between AB and BG, 
wherefore 

('.iB-/-Bq)2-(AB-BCy=4:.k^.^^- 
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These four theorems agree "with the algebraic formulaB 

Theorem 5, {a+iy=a?+2ab+V 

6, {a--lf=a?--2ah+V 

7, (a+Z>) (a-6)=a^-6^ 

8, (a+&)^-(a-6)^=4a6 



EXEBOISE 1. 

The line A B being seven parts, and C F being composed 
of three parts CD=5, DE=3, EF=1; of what parts 
is the rectangle under A B and CF made up ? 

EXEBOISE 2. 

C H=9 , and I L being the difference between I K=13 
and E L = 6 , of what rectangles is the rectangle under 
C H and I L the difference ? 

EXEBGISE 3. 

M P being made up of three parts M N = 15,N = 11 , 
OP = 6, and QU being the sum of four parts QE = 13, 
BS = 8, ST = 9, TU = 7, of what rectangles is the 
rectangle under M P and Q U composed ? 

EXEBGISE 4. 

VX being the difference between VW = 17, WX = 8, 
while Y A is the sum ofYZ = 5, ZA = 4; how is the 
rectangle V X. Y A to be obtained ? 

Exercise 5. 

B D being the difference between B C = 23 and C D 

= 1 5 ; EG being the difference between E F = 29 and 

FG=18; hoYf\a the rectangle BD .EG to be obtained ? 
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EXEBGISE 6. 

HK beingthe sum of HI = 17 , and I K = 8 , of what 
parts is its square composed ? . 

EXEBOISE 7. 

L N being the difference between L M = 19 and M N 
= 6 , how is L N" to be got ? 

EXEBOISE 8. 

OP being 29, QR being 27, compute P - Q El 

EXEBOISE 9. 

Two lines are 139 and 147 inches respectively, compute 
the difference between their squares. 

EXEBOISE 10. 

What must be added to the square of 437 to make the 
square of 438 ? 



LESSON XLVII. 



ON RIGHT-ANaiiED TBIGONS. 



When one angle of a trigon is right, the sum of the 
two others must be a right angle, and each of them is 
necessarily acute. The side opposite the right angle is 
called the hypotenuse from the Greek xmoTelvovaa 
(out-stretcher). The right-angled trigon is the half of a 
rectangle ; it occurs very frequently in business. 

The square of the hypotenuse of a right angle is 
equivalent to the Bum of the squaxeE oi ^<b \!^^ i'^^^* 
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Thus if two lines AC, CB be drawn at riglit angles, 
the square of A B which joins their extremities is aa 
much aa the two squares of the sideB A C and C B ; or, 
as we write it shortly AB^=AC'+CB'. 

Let CB be continued till BD be equal to AC; laise 
at D a perpendicular D E equal to C B and join B E ; the i 
trigon B D E is clearly a copy 
of A C B, and B E is equal to 
' AB. But the two angles 
OBA and CAB, or the two 
BA and EBD make to- 
gether one right angle, where- 
fore BE is perpendicular to 
AB, since the three angles 
" at B make together half a 
torn. Draw E F parallel to B A, A F parallel to B E ; 
A B E P is the square of A B, Draw now F I parallel 
to E D, A H and E G parallel to C D ; the trigons A H F 
and F G E thus formed are copies of A C E. 

If from the square A B E F we cut off the two trigans 
FGE, AHF and instead of them put ACB, BDE, 
we get the figure C A H G E D which is made up of 
C A H I the square of A C and I G E D the square of 
C B ; and thus the square of A B contains aa much 
Burfece as the squares of A C and of C B put together. 

This is the most aseful theorem in the whole science 
of geometry, because it serves to connect that science 
with arithmetic. 

When the two sides are given in numbers we are 
enabled to compute the hypotenuse. Thus if AC be 
five parts, its square contains 25 square units ; if B C be 
twelve, its square contains 144 square imits, wherefore the 
square of A B must contain 169 . Hence if we can discover 
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that number which ivhen multiplied by itself gives 169 , 
we shall know the length of A B. On trial we find this 
number to be 13 , and conclude that A B is 13 linear units. 

In order to make use of this geometrical theorem we - 
must learn how to discover that number which, when 
multipHed by itself, shall produce a given number ; or aa 
it i8 said, to extract the square root ; in the above example 
we had to find the square root of 1 69 . 

In all cases the square root of a number is found by 
trial, generally by a Bucceasion of trials, and it becomes 
useful to contrive means lor lessening the labour thereof. 
One of the most convenient and most obvious expedients 
for helping us in this, is the construction of tables of 
syware numbers, that lb of second powers. Extensive 
tables of this kind have been computed and published, 
but the student who desires thoroughly to master the 
subject should prepare a table for himself before having 
tecoorse to printed works. 

In one column we place the roots arranged in order ; in 
an adjoining column we place their squares. When the 
numbers are small the labour is light, but as we come 
to large numbers the multiplication of each one by itself 
grows to be tiresome. We may greatly lessen 
the labour by attending to the manner of the 1 1 1 ! " * * 
growth of the successive squares. II " I I ' 1 

In order to get the square of a number, I X 1 1 ' 1 1 
say seven, we make a row of seven dots, 1 1 " 1 1 1 [ 
repeat that row seven times, and count how 
many dots there are in the seven rows ; there are forty- 
nine. 

To get the square of the next number eight we should 
proceed in the same way, only we have already these 
forty-nme dote made ; they may 'be Tiaafei. ■«! "os,-, \s&s^ 
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we have now to place one dot at the end of each row 1 
(seven new dots), and then to make a new row of t 
dots (in all fifteen new marks), to make up eight times 
eight. Hence by adding 15 to 49 we get 64 the square 
of 8. In tho same way by adding 8 + 9, or 17, to 64 
we obtain 81 the square of 9 . And thus we may make a 
table of squares by addition, as is seen in this e 
T" = 49 



But a much neater arrangement ia to write the ii 
menta in a column at tho aide. For example, beginnmg 
at 40 we have 4U==1600 : to this we add 40-)-41=81 , 
and we write this 81 at the side; after a very little 
practice we learn to add the numbers thus placed. The 
arrangement is shown below, viz. 



1600 
16B1 
176i 



When this work has been carried on to the root 50 we i 
verify the result, which should be 2500 ; so that this 
mode of forming the table while much less laborious than 
the simpler process of squaring each separate number, 
gives results much more to be depended on. 

This leads me to remark that a common saying " simple 
processes are the best " is uot true in this case, and 
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tliat it is almost always antnie. We introduce compli- 
cations or new principles for the purpose of making the 
procsaa easy or certain. Here tile complication of incre- 
ments is brought in, to the great improvement of the 
operation. 

The stndeat should make his own table of sq^nares 
up to several hundred ; or if he have printed tables he 
may extend these farther for hia own use. 

The differences of the succesfiive square nambers form 
ihe series of odd nambers 1,3,5,7 and so on. 

When the number whose square root is wanted is found 
in the column of squares, the root is at once known ; if it 
be not there found exactly, the root cannot be an integer 
number, it must lie between the roots of the two squares 
one of which is more and the other less than the proposed 
number. If it be beyond the limits of the table, its root 
must be found in some other way ; and if the table be not 
at hand we must have recourse to the method of trial. 

For the sake of an example let us suppose tho two sides 
of a right angle to be 36 312 and 33 G95 inches, and let 
U8 proceed to compute the length of the hypotenuse. 

The squares of these numbers are 1318 561344 and 
1135 353 025 respectively; and the sum 2453914369 
expresses the number of square inches in the square of 
the hypotenuse. We have therefore to extract the square 
root of this last number, which has been taken large in 
order that all the steps of the process may be clearly seeu. 

When any number is multiplied by 10 , the square 
is augmeutod 100 times; thus the square of 4 being 
16, the square of 40 is 1000, the square of 400 is 
160 000, and so on; that ia to say, for every step by 
which the root is removed from tho unit's place, the 
nare is removed two steps. Now ttvft fl.\Ki'^ft Tfias&*^ 
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more than 1 600 000 000, therefore its root must be more 
than 40 000 ; tJie same number ia less than 2 500 OUO 000, 
wherefore its root is less than 50 000. Thus the root of 
which we are in search is between 4U000 and 50 000. 
mneh nearer to the latter than to the former. 

In this way we have made sure that the first digit 
of the required root is 4 . 

In order to discover the second digit, we examine by 

how much we are wrong: on subtracting the square of 

40 000 from the given number, we find the 

Kl 600 000 000 snor 853 914 369 ; and our business now is 
" 853 914 sm to fi^^ ^l"'t raxmt be added to 40 OOO to 
cause its square to increase by this noach. 
Let us make a trial and suppose 7 lo be the second 
digit ; we shall then have to compute by how much 
the square of 47 000 exceeds the square of 40 000 . 
Now it has been shown in Theorem 7 that the difference 
between two squares ia the rectangle imder the sum 
ao 000 ^^^ ^^ difference of the two sides ; where- 

47 000 fore writing, aa in the margin, the numbers 

87 000 emn 40 000 and 47 OOO we take their sum and 
7 000diff. ^^gjj. difference; the product of these, viz. 
609 000 000 is not so much as our error, and therefore 
the required root ia more than 47 000 . Let us then try 
8 for the second digit ; following the same process we 
have 88000 for the sum and 8000 for the difference, 
10 000 tlie product of which, viz. 704 000 000 is 

^9ow still too little. On trying 9 for the second 

89 000 aum digit, that is on taking 49 000 for the root, 
9 000 diff, ^g g^d t|jg g„jjj ^^^ the difference as in the 
margin, giving the product 801 000 000 , which still ia too 
small ; and thus we are sure that the required root is more 
than 49 000, while it is less tWn 50 QQO ; the second 
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digit most be 9 . As fax as we have gone the calculation 
may be concisely written thus 



40 000 
40 000 



89 000 
9 000 



2 453 914 369 

1 600 000 000 first error 



853 914 369 
801 000 000 



98400 sum 
400 diflf. 



52 914 369 second error 

where by subtracting 801 000 000 from the first error we 
find 52 914 369 for the remaining error. The discovery of 
the third digit is made exactly in the same way. Let ns 
try 4, that is to say, let us try the root 49000 
49 400 . We have to compute the excess of ^^ 400 
the square of this number above the pre- 
vious square of 49 000 ; following the same 
process as before we find the sum to be 98 400 , while the 
difference is 400 ; the product of these, viz. 39 360 000 is 
too small; we may try in the same way 5 for the third 
digit ; this also we find to be too small, but ^9 qq^ 
on trying 6, as in the margin, the diflference 49 600 
of the squares is found to be 59 160 000 
which is too much ; hence we know that 
the required root is between 49 500 and 49 600 ; its third 
digit then is certainly 5. The calculation then stands 



98 600 sum 
600 diff. 



40 000 
40 000 



2 453 914 369 
1 600 000 000 



89 000 
9 000 



853 914 369 first error 
801 000 000 



98 500 
500 



52 914 369 second error 
49 250 000 



3 664 369 third error 



showing the error to be 3 664 369 . By continuing this 
process we reduce the error at each, ate^, ^lA \i(&Kja5v^ 



w 
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find 41 537 finr the root, without any enor, as is shown 
below, where, fiir cleamesa, the whole calculation is re- 
copied« 



40000 
40000 



2 453 914 369 
1600000 000 



89000 
9000 


853914 369 
801000 000 


98500 
500 


52 914 369 
49 250000 


99030 
30 


3664 369 
2970 900 


99 067 
7 


693469 
693469 



In the actual calculation we saye room and obtain 
greater conyenience by omitting the zeroes of position; 
the aboye operation is more compactly pnt 



4 
4 



2 453 914 369 
16 



49 537 



89 1 
9 1 


^3 

301 


98 5 
5 


52 91 
49 25 


99 03 
3 


36643 
2 970 9 


99 067 
7 


693 469 
693 469 



where only those digits of the errors which are needed are 
brought down. 

The extraction of the square root occurs so yery often 

that it is worth while to acquire expertneas therein. We 

may shorten the work by help oi a table oi «\juM:ea ; thus 
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if we possess sach a table np to 1000 , we may save labonr 
at the beginning by seeking among the squares for the 
next below 245 391 , this is the square of 495 , and we 
have now three digits of the root ; the extraction would 
then take this form 



49 5 
49 5 



2 453 914 369 
2 450 25 



49 537 



99 03 
3 


3 664 3 
2 970 9 


99 067 

7 


693 469 
693 469 



In this way we have found that if the two sides of a 
right angle be 36 312 and 33 695 inches, the hypotenuse 
must be 49 537 exactly. 

It seldom happens that the root comes out exactly; 
most commonly there is a remaining error, which has to 
be reduced by adding fractional parts to the root. This is 
done by continuing the calculation below the unit's place 
on the arithmetical scale, that is to tenths, hundredths, 
thousandth parts of the unit. 

When the hypotenuse and one side are given we com- 
pute the length of the other side by subtracting the square 
of the known side from the square of the hypotenuse. 
The remainder is the square of the side sought ; its square 
root has to be calculated. In this case, however, the labour 
of the squaring may be avoided ; we may multiply the sum 
of the two numbers by their difference, and so obtain the 
difference of their squares. 

The convenience of this process may be best seen from 
an example in large numbers. Thus let the hypotenuse be 
866 713 inches, and one side 796 775 . Instead of squaring 
these and taking the difference of thefvx ^c^ja^^^ ^^ "^t^l^bx 
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to take the sum and the difference of the given numbers 
and to multiply these, thus 



866 713 
796 775 

1 663 488 sum 
69 938 diff. 



13 307 904 
49 904 64 
1 497 139 2 
14 971 392 
99 809 28 



116 341 023 744 diff. of squares. 



341088 



3 

3 


116 341 
9 


64 
4 


26 3 
25 6 


681 
1 


741 
681 



682 08 

8 


60 023 7 
54 566 4 


682 168 
8 


5 457 344 
5 457 344 



giving 341 088 inches for the other side. 

This artifice of converting the difference between two 
squares into a rectangle or product will be frequently used 
in the course of our studies. 



Exercise 1. 

Having constructed a right-angled triangle, make squares 

on its three sides all outwardly. Find the middle of the 

mean square, and through that point draw two lines parallel 

tfo the sidea of the square on tliio liyi^teTiuse, thus making 



BIGHT-ANGLED TBI G ON. 97 

four equal portions. These portions and the least square 
may be placed so as to make up the square of the hypo- 
tenuse. This very neat arrangement was proposed hy 
Arthur Perigal, Esq., of London. 

Exercise 2. 

The two sides of a right angle being 3 and 4 inches, 
compute the length of the hypotenuse. 

EXEBCISE 3. 

When the sides of a right angle are 5 inches and 12 
inches, what is the subtense ? 

Exercise 4. 

A board is 4 feetbroad by 4 feet 7 inches long ; required 
the distance from comer to corner. 

Exercise 5. 

A room is 13 feet long by 11 feet 1 inch broad ; required 

the diagonal. 

Exercise 6. 

A plot of building ground is 593 feet 4 inches by 526 
feet 9 inches, what is the distance comerwise, if the plot 
be quite rectangular ? 

Exercise 7. 

The hypotenuse of a right angle being 5741 , and one of 
the sides 4060 inches, required the length of the other side. 

Exercise 8. 

Connect three small rings by three strings of the lengths 
(counting from centre to centre) 9 feet 11 inches, 10 feet, 
and 14 feet 1 inch ; and show that these when stretched 
out form a right-angled trigon. This makes a very con- 
venient pocket set-square for marking right angles on t^ 
gwnnd. 
PAST I, la. 



98 GEOMETRY ON PAPER. 

Exercise 9. 

At the middle of a line 1220 feet loDg, a perpendicnlar 
is raised 10 feet 1 inch long ; by how much are the two 
sides of the isoskeles trigon so made, longer than its base ? 

EXEBGIBB 10. 

The hypotenuse being 3881.', and one side 3081 , required 
the length of the third side. 

EXSBGISB 11. 

The base being 4140 , and the hypotennse 4141 , required 
the altitude. 

EXEBGISB 12. 

The two sides being 7740 and 5371 , required the length 
of the hypotenuse. 

ExEBdSE 13. 

A table is 4 feet 7 J inches long by 2 feet 0^ inch broad, 
what is the diagonal ? 

EXXBCIBE 14. 

The side of a square is 40*8 inches, what is its diagonal? 

EXEBGISE 15. 

The side of a square being 5 feet 1 inch and ^, re- 
quired the length of the diagonal. 

Exercise 16. 

The side of an equilateral trigon being 20 ' 9 inches, re- 
quired its altitude and its area. 
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LESSON XLVIIL 

A EIGHT-ANGLED trigon is divided into two trigons similar 
to the whole and to each other, hy the perpendicular let 
fell from the vertex of the right angle to the hypotenuse. 
A C B being right angled at C, if we draw C D perpen- 
dicular to the hypotenuse AB, 
each of the triangles A D C, C D B 
is similar to ACB. On compar- 
ing ADC with A C B we find the 
angle at A to belong to both, while 
the right angle A D C is equal to A C B ; and so also of 
the trigon C D B. Hence the sides of these triangles are 
proportional and 

AB: AC:: AC: AD::CB:CD 
AC:CB :: AD:DC::CD:DB 
BA:BC::BC:BD::CA:CD 

and thus AB. AD = ACS BA.BD = BC^ and 
A D . D B = D C^ ; because the rectangle under the 
extreme terms is equivalent to that under the mean terms 
of a proportion. 

Exercise 1. 

The sides of right angle being 20 and 15, required the 
hypotenuse, the perpendicular let fell upon it, and its seg- 
ments. 

EXEBGISE 2. 

The sides being 255 arid 136 , required the perpendicn^*^- 
let fall upon the hypotenuse, and ttie T^at\j^ oi ^3w^\»\a 
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Exercise 3. 

The sides beiog 105 and 88, reqnired the same parts as 
above expressed in common fractions, and also in decimal 
parts of the nnit. 

EXEBCISE 4. 

Let the sides be 127 and 43 , and compute the hypo- 
tennse, the segments made by the perpendicular, and the 
perpendicular 



LESSON XLIX. 

Part 1. 

The difference between the squares of two sides of a trigon 
is equivalent to the difference between the squares of the 
distances of the perpendicular from the ends of the third 
side. 

If from the comer B, the perpendicular B D be let 

fall upon the opposite side, the 
difference between the squares 
of A B and of B C is equivalent 
to the difference between the 
squares of A D and of D C. 

If two unequal magnitudes 
be both increased or both dimi- 
nished by the same quantity, the 
difference remains unchanged. 
Thus the difference between 9 and 5 , is the same as the 
difference between 49 and 45. Now if the square of 
I>£ be added to each of the squares of A D and of CD, 
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the smns are the squares of A B and of C B respectively, 
wherefore 

AB2-BC2=:AD2-DC^ 

If the two sides A B and B C were alike, the perpen- 
dicular would fjEill at the middle of AG; when AB is 
greater than B C, the perpendicular fells beyond A M, M 
being the middle point. Now the difference between A D 
and D 0, when the perpendicular falls within as in the 
tipper figure, is the double of M D, because A D is more 
than A M, or than M C by M D, and M C is more than 
D C by the same M D, wherefore A D is longer than D C 
by twice MD. But AC is the sum of AD and DC, 
wherefore the difference between the squares of A D and 
of D C is equivalent to twice the rectangle under A C and 
M D. In the lower figure again, the sum of A D and D C 
is the double of M D, for if a thread were passed from A to 
D and back to C, its lejigth would be the sum of A D and 
D C, but if now the end A be brought to C the thread will 
be doubled over the whole of MD. In this case AC 
is the difference between A D and D C, wherefore the dif- 
ference of the squares of A D and D C is equivalent to 
twice the rectangle under AC and MD. And thus, 
whether the perpendicular fell within or without, 

AB2-BC2 = 2.AC.MD, 

the difference between the squares of two sides of a triangle 
is equivalent to twice the rectangle under the opposite side 
and the distance of its middle point from the perpendicular. 

This theorem enables us to compute the distance M D 
when the three sides of the trigon are known. 

For example ii the dimensions oi tti'^ \,mck!^^\^ k^^ 
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884 , B C = 741 , C A = 845 ; the difference between the 
BqTiares of A B and B C ia 232 375 , which must also he the 
g!e under the double of A C and 



= 549 081 MD; wherefore dividing this number 



232 375 



■ 1690 we obtain the value of MD 
which cornea out 137^ . 

Here A M = 422i , wherefore A D = 560 , D = 285 , 
from either of which we may compute the length of E D , 
viz. 684; and thus we obtain the area of the figure ^x684 
X 845 =288 990 square units; here we have the means of 
calculating the area of a trigon directly from the measure- 
menta of the three aides, vfithout drawing it on paper. 

The same result should be got exaeily by drawing a per- 
pendicular from C upon A B, or from A upon B C ; whereas 
the student hoa already found that the three reanlta ob- 
tained by the measurement of the altitudes hardly ever 
quite agree. Herein we see the advantage of calculation 
over paper meaanrement. 

EXEBOISB 1. 

The sides A B, B C being 15 and 13 , with the base AC 
= 14 , how for does the perpendicular fall aside from the 
middle point ? Compute the perpendicular and the area. 



In the same triangle let fall a perpendicular upon the 
aide 15 , and make the corresponding computation, using 
common fictions. 

Exercise 3, 

Do the same foi the perpendiculai let Ml upon the dde 
, 18. 



I 

J 
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EXEBOISE 4. 

Compute the positions of the three perpendiculars, their 
lengths, and the area of the trigon haying its sides 51 , 
52 , 53 , using common fractions. 

EXEBOISE 5. 

In the case AB=185, BC=95, CA=100, compute 
the distance M D, the length of D B and the area. 

EXEBOISE 6. 

Make the corresponding calculations for the perpendicu- 
lar on B C, and also for the perpen^cular on A B. 

EXEBOISE 7. 

Compute the three altitudes of the trigon having its 
sides 629 , 672 , 757 . 

Exercise 8. 

Compute the three altitudes of the trigon whose sides 
are 43 , 740 , 765 . 

EXEBOISE 9. 

/ Make the similar computations for the sides 680 , 652 , 
423. 



LESSON XLIX. 
FaH 2. 



The square of the subtense of an obtuse angle is greater 
than the sum of the squares of the containing sides ; the 
square of the subtense of an acute angle is less than the 
sum of the squares of the containing sides ; in either cas^ 
by twice the rectangle under one oi thft cftutaimn^ s 
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and the distance of the altitude upon it fcom the vertex of 
he angle. 

When A C B is obtuae the altitude on A C falla at D 
ontside of the angle, and A D ia the snm of A and C D, 
BO that A D^ = A C^ + C D= + 2 . A C . D. If to 
each side of this equality (or equation) we add the sqnare 
of B D, there results 

AB' = AC= + CB= + 2.AC.CD, 

which agrees with the first of the above propositions. 

When A C B is acute A D ia the difference between 
AG and CD, and therefore AD' - AC" + CD* - 
2. AC. CD. 

Increasing each side by D B'^ as before, we have 

AB' = AC'' + CB^-2.AC.0D, 

which agrees with the second proposition. 

These theorems enable us to compute C D directly with- 
out reference to the middle point M. 

Thus if we have A B = 959, B C = 634, C A = 585, 

fe should compute the squares of the three sides ; that of 

^gi_ 919 681 ^^ exceeds the sum of the 

110*= 401 956 others, wherefore the angle 

CA'= 342 225 , ', , , . t, T\ 

subtended by A B must be 

AE'-BC'-CA- = 175500 ^j,^^^_ The excess of A B^ 

above B C^ Mid C A^ viz. 175 500 is twice the rectangle 

under AC and CD, wherefore dividing 175 500 by 1170 

(the double of A C) we obtain 150 for the length of C D. 

Therefrom we may compute D B, 616 and thence the 
irea of the triangle, viz, 180 180 square units. 

The computation, when the angle at C is acute, is con- 
ducted in the same way, only we have B C* -I- C A* — A B*. 
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ExEBdSE 10. 

Compute the three altitudes and the area of the triangle 
whose sides are 17 , 25 , 26 . 

EXEBOISE 11. 

The three sides being 24 , 34 , 53 , compute the positions 
and lengths of the three altitudes. 

ExEBdSE 12. 

The sides being 723 ^ 724 , 725 , required the altitude on 
724. 

EXEBOISE 13. 

Bequired the positions and lengths of the altitudes of 
the triangle 91, 250, 289. 

EXEBCISE 14. 

Also for the triangle 21 , 340 , 353 . 



LESSON L. 

ON THE TANGENT TO A CIROLE. 

If from any point C we draw a perpendicular to the 

straight line AB, that perpendicular CD is the shortest 

line that can be drawn 

from C to AB. A circle 

described from the centre 

C with a radius shorter 

than C D cannot reach to 

AB. If the radius be 2 

longer than C D, the cir- 
cumference of the circle crosses A B twice, once on each 
BiAe otD, aaatE and F, so that \£ ftift \akft Q)^ %sjSS.^^ 
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length of the radius be known, we can compute the dis- 
tance E F, since C D E is a right-angled trigon. But if 
CD itself be taken as the radius, the circnrnferenee will 
touch the line A B only at the point D. This circle and 
the line A B are said to be tangent to each other. 

From any point A, taken without a circle, two tangents 
A B, A D may be drawn to it ; the actual operation of 
drawing these being like 
that of joining two potnta, 
with this diBtinction that 
■ it is not easy to judge of 
the exact termination of 
the tangent, because the 
two lines run gradually 
info each other. The exact point B may be found by 
drawing a perpendicular from the centre. 

Since A B C is a right angle, A B' = A C^ — C B^, 
wherefore if the radiua and the distance A C be known the 
length of AB may he computed. Instead, however, of 
taking the squares of AC and of CB, and then the 
difference of those squares, we may compute the rectangle 
under A F (the sum of A C and C B), and A E the differ- 
ence of the same lines, putting 
AB^= AE.AF. 

When two circles meet in 

the straight line joining their 

centres, they touch each other 

externally, that is each one 

entirely without the 

\ other ; their boundaries only 

at one point. But 

when, as in the second figure, 

tli6 cuttinniet&Y^sea maet at 
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C in the contmnatioii of the straight line joining the 
centres A and B, the contact is internal, the circumferences 
haying in common only the single point G. Hence the 
point of contact of two circles is definitely fonnd by draw- 
ign a straight line through their centres. 

EXEBOISE 1. 

The perpendicular CD being 84, compute the half 
chords (D E or D F) of circles described with the radii 85 , 
91 , 105, 116, 140, 159, 205, 259, 300, 445, 591, and 
884. 

EXEBGISE 2. 

The radius of a circle (OE) being 72, compute the 
lengths of tangents (A B) drawn from A when E A is 3 , 
6, 18, 25, 48, 81 , 98, 150, 256;, 363 , and 578. 
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An arc of a circle subtends an angle having its vertex 
at the centre, double of an angle having its vertex in the 
circumference. 

If the extremities of the arc B A be joined with the 
centre G, and also with any point D in the remaining 






B 3 ^ 

part of the circumference, the angle BGA is double -^^ 
BDA. 
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For if we join D C and produce it to E, the line C E 
may ffdl witiin the angle B C A as in the first figure 
or without it as in the second ; it may alao lie along one 
of the sides of the angle. In any ease the angle B C E 
being equal to the sum of the interior angles B D C and 
C B D ia douhle of B D C while, for a like reason, EGA 
is double of CD A; wherefore BCA which is the stun 
or the difference of B C E and E A, is douhle of 
B D A which is the Eium or the difference of B D C and 
CDA. 

This theorem may he neatly stated thus : " An angle 
at the circumference of a circle is measured by half the 
intercepted arc." If we suppose the circumference to be 
divided into degrees, the numher of such degrees in the 
arc B A gives the value of the angle BCA, wherefore 
the half of that number indi- 
cates the angle B D A, Hence 
we may use a protractor to 
measure an angle without placing 
the centre on the vertex. Thus, 
in order to meaaore the angle 
C B A, we may place the edge of 
the protractor at the vertex B 
■ and count the number of degrees 
in the arc D E ; the half of this number gives the valne 
of the angle C B A 

But we do not even need to place the edge of the pro- 
tractor at B ; we may place the instrument so that its 
edge shall cross each of the hues twice, the vertex of the 
angle being either within or without the circle. 

When, aa in the first figure, B ia mthin the circle, 
the half of the arc D E measures the angle D G E 
si ihe cirenrnferencB ; while the half of EG measures 
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FDG; now the snm of the two angles DGE and 
FDG is CBA, wherefore CBA is measured by hcdf 
the sum of the arcs DE and 
FG. 

When, as m the second figure, 
the vertex B is without the circle, 
DBA is the difference between 
DGE and FDG, so that the 
angle at B is measured by half 
the difference of the intercepted 
arcs D E and F G. 

In this way we may measure 
the angle of two lines whose point 
of meeting is beyond the paper. 
When the arcs DE, FG differ 
little &om each other the point 
of meeting must be at a con- 
siderable distance, and when F G 
is equal to D E the lines D F and 
E G must be parallel. 

EXEBOISE. 

Draw a number of angles on paper and measure them 
in various ways by help of the protractor. 
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All angles in the same circular segment are equal to 
each other. 

A straight line drawn across a circle divides it into two 
parts which are called segments (seco I cut). 

When the line passes through the centre the two sficr- 
ments are alike^ each of them is a semicircle^ 
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The angles A G B, A D B drawn in the same segment 
A C D B are equal to each other, beeanse each of them is 
half of the same angle at the 
centre, or ia measnred by half 
of the same arc B E F A. In 
the same way AEE ia equal 
to A F B ; and it is also to be 
observed that B C A and A F B 
being the halves of two angles 
which mate up a whole tnm 
at the c£'nt.re, mnst tliemselves 
make np half a turn ; or as it ia usually said, " the opposite 
f a tetragon inscribed in a circle make together 
two right angles." 

This theorem gives as a ready means of drawing flat 

^^^ circular arcs whose radius would 

^^::;^^^^^^"^>?::;-^ be too long for the compass. 

^^ Two rules are jointed at so 

that they may be set and secured at the desired angle. 

The edges of these are brought to bear gently against 

two pins or two edges set up at A and B. The centre at 

C is pierced to receive a pencil and the inatrament is 

shd along, the obstacles at A and 

B remaining fixed. The pencil then 

traces a circular arc. In this way 

1 small parts of very large circles may 

be traced. 

If the line A B be drawn through 

the centre of the circle, each of 

the angles ACE, ADB being haK of A OB, is right; 

IF as we say " the angle in a semicircle is a right angle." 

Many applications of this theorem occur in the arrange- 

uieni of instruments and of machines, as well aa in geome- 
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tzical processes. A single example may serve to explain the 
matter. Let it be required to draw from the point A, a 
tangent to the circle whose centre is 0. 




On joining A 0, and describing a circle with A 0, as its 
diameter, we get B and D the two points of intersection 
which are clearly the ends of the two tangents. 

EXEBOISE 1. 

On a chord 63 make a circular segment containing an 
angle of 130°. 

N.B. In this case the sum of the two angles GAB and 
ABC, or DAB and ABD must be 50°. 

EXEBGISE 2. 

On a chord 48 make a circular segment containing an 
angle of 90°. 

EXEBGISE 3. 

On a chord of 50 make a circular segment containing an 
angle of 70°. 

EXEBGISE 4. 

On a chord of 2 inches make a segment containing an 
angle of 140°. 
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LESSON LIII. 

If through any point two straight lines be drawn across a 
circle, the rectangle under the distances intercepted on 
the one is equivalent to the rectangle under the distances 
intercepted on the other line. 

If through the point A two straight lines be drawn each 
cutting the circumference of a circle twice, as BAG, 

DAE; the rectangle under 
the distances AB and AC on 
the one, is equivalent to the 
rectangle under A D and A E, 
the distances from A inter- 
cepted on the other line. 

For if BE and DC be 
joined, the angle BED is 
equal to B C D, each being 
measured by half of the arc 
B D ; and hence each angle 
of the trigon BAE is equal 
to the corresponding angle 
of DAC; the sides of these trigons are therefore pro- 
portional and 

AB:AD::AE:AC 

so that the rectangle under the extremes A B, AC is 
equivalent to the rectangle under A D, A E the means. 




EXEBOISE 1. 

The chord of a circular arc is 68 inches, and the breadth 
of the segment at the middle is 17, required the radius of 
Hbe circle. 
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EXEBGISE 2. 

The chord being 68 and the rise at the middle being 4 , 
what is the radius ? 

EXEEOISE 3. 

With the same chord and the rise 2, required the 
radius. 

EXEBOISE 4. 

The rise being only 1 inch with the same chord, com- 
pute the radius. 

Exercise 5. 

When the rise is reduced to one tenth part of an inch, 
what is the radius ? 

Exercise 6. 

The span of an arch is to be 36 feet, and the rise in the 
middle to be 9 feet, required the radius of the circle. 



LESSON LIV. 

TO DESCRIBE A CIRCLE THROUGH THE THREE CORNERS OF 
A TRIGON AND TO COMPUTE THE DIAMETER. 

The centre of the circle must be equally distant from the 

three comers A, B and ; now if we bisect A B at D and 

there raise a perpendicular, any 

point in that perpendicular is as 

fer from A as from B; and if, 

having halved B C at E, we raise 

at E a perpendicular to BC, any J\ 

point in that line is as far from B 

as from ; wherefore the point F 

at which these two perpendiculars 

meet must be equally distant from A, B and C ; F then 

is^ihe centre oi the circle circumaeribm^ \Jcka \x\^q^. 

PART I. \ 
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Let B F 1)6 joined and produced to G, join also A G and 
let fall B H perpendicular to A C ; then since B A G ia a 
right angle, being in a semiciicle, and since A G B is equal 
to H C B, being in the same circular segment, the triangle 
A B G is similar to H B C and 

HB : BC :: AB : B6. 

Now if the three sides be given in numbers, we can 
compute the altitude B H, so that the diameter B G of the 
oircumscribing circle may be computeil. 

Hence it follows that the rectangle nnder AE and B C, 
two sides of a trigoUj is equivalent to the rectangle under 
B H, the perpendicular let fall on the third side and B G 
the diameter of the circumscribed circle. 

EXEHCISE 1, 
Construct a trigon with the sides 51 , 38 , 25 , describe a 
circle through its three corners and compute the diameter 
thereof. 

EXEBCISE 2. 

Describe a circle about the triangle made with the aides 
35 , 29 , 8 , and compute the diameter. 

Exercise 3. 
Compute the diameter of the circle circumscribing the 
trigon whose sides are 232 , 219 , 187. 

ExEBOtSE 4. 
The three sides being 769 , 600 and -381 , to compute 
the diameter of the circumscribing circle. 

Exercise 5. 
The sides being 325 , 164 anj 1C3 , what is the diameter 
the circumscribed circle ? 
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LESSON LV. 

TO BESOBIBE A OIBOLE TOUOHINa THE THBSE SIDES OF A 
TBIOON AND TO OOMPCJTE ITS BADIUS. 

Two tangents drawn to a circle from a point without it 

make eqnal angles with the line drawn from that point 

to the centre ; wherefore if the angle B A C be bisected the 

centres of circles touching both sides A B and A must 

lie in the bisecting line. 

Again the line bisecting ^ 

the angle AOB mnst 

contain the centres of 

circles touching both OA 

and B ; wherefore the 

point D at which these two bisecting lines meet, must be 

the centre of a circle touching all the three sides. On 

drawing the perpendiculars D E, D F, D G-, we form the 

triangle DEC equal to DEC, and DFA equal to 

D G A; so that D E, D F, D G are all alike, and a circle 

described from D with the radius D F touches the three 

sides at E, F and G. 

On joining B D we again form two equal triangles 
BED, B G D, wherefore B D bisects the angle ABC; 
hence this theorem " the lines which bisect the three angles 
of a trigon meet in one point, which point is the centre of 
the inscribed circle." 

Beginning at the point E and proceeding round the 
boundary of the triangle we find that boundary or peri- 
meter (measure round) made up of six parts E C, C F, F A, 
A G, G B and B E, or of twice E C, twic^ F A and twice 
GB ; so that the half boundary or semipeirimeter is made 
up of E C, F A and G B. If then we prolong C A till A H 
be equal to GB, the line HO la fti^ ^TKL^^ivsfikShKt ^"^^^ 
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CA = 87 
AB= 65 
BO = 44 

Sum = 196 



trigon, that is half the sum of the three sides A B, B C, 
C A. Also A H or G" B is the excess of the semiperimeter 
above A C, E C is the excess of the semiperimeter above 
AB, and FA is its excess above BO. Hence when the 
three sides are given in numbers, we may find the points 
E, F and G by computation. 

For example, let C A = 87, AB = 65, BC = 44; the 
ii = GB computation may be arranged 
33 = E C conveniently as in the margin. 
— "" The sum of the three sides 

~ ^ being taken, its half is written 
in the same line, and above the half sum, its excesses above 
the sides are written opposite to the respective sides. The 
sum of these three excesses should make up the semi- 
perimeter. 

Besides the one circle touching the three sides in- 
ternally, there are three circles placed outside of the 

trigon Jd touching ite sides or 
their continuations. 

Thus if we produce OD to 
meet a line bisecting the angle 
B A H, in I, I is the centre of a 
circle touching A B, and the 
continuations of OA and CB. 
For if we draw the perpendi- 
culars I H, I K, I L, we perceive 
that I A H is equal to I A K, so 
that IH is equal to IK and 
AH to AK; also that IHC is equal to ILC, giving 
I H equal to I L, H equal to L C. It is also obvious 
that the line IB bisects the angle ABL, and that KB 
is equal to B L. 
In the same way we may obtain the centres M 
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and N of two circles outside of A C and of C B respec- 
tively. 

If we go round the triangle beginning at K, we find the 
perimeter to be made up of K B, B C, C A and A K ; but 
instead of K B we may put L B and for A K we may put 
A H, so that the perimeter is the sum of L B, B C, C A, 
A H, that is of L C and H ; but these are alike, where- 
fore C H is the semiperimeter. 

Since I AB is the half of H AB, and BAD the half 
of BAG, it follows that the whole angle I A D is a 
right angle and that A I H is equal to D A F ; where- 
fore the trigons AIH and DAF are similar, so that 
I H : H A : : A F : F D, and consequently the rectangle 
under I H and F D is equivalent to that under H A 
and AF. 

Also the trigon I H C is" similar to D F C, whence 
HO : FC :: IH : DF. But the ratio of IH toDF 
is the same as that of two rectangles* having these lines for 
their lengths and having a common breadth : make that 
common breadth DFand wehavelH : DF : : IH.DF : 
DF.DF wherefore HC : FC :: IH.DF : DF.DF; 
but instead of IH.DF we may write its equivalent 
H A . A F and obtain the proportion 

HC:FC::HA.AF:DF2. 

Now when the three sides are given in numbers, the semi- 
perimeter H and the three excesses H A, A F, F C are 
easily computed, and thus the square of the inscribing 
radius D F may be had. Hence the formula 

or the rule " multiply together the numbers representing t 
three excesses, divide the continaefi. "gio^Md^ \ri ^^ ^ 
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perimeter and take the square root of the quotient, to get 
the number expressing the radius of the inscribed circle." 
In the preceding example we have 



p-p_ / 54.33.11 _ /9801_99_j^ 



■"V 98 ■" V 



49 7 



Cy 



EXEBGISE 1. 

The three sides of a triangle being 17 , 10 , and 9 , com- 
pute the radius of the inscribed circle, and also the radii 
of the three circles of external contact. 

Exercise 2. 

The sides being 56 , 39 , 25 , what are the radii of the 
four circles each touching the three sides or their continu- 
ations, and what the radius of the circumscribing circle ? 

Exercise 3. 

Bequired the radii of circles touching the three sides 
185 , 109 and 84 ; as also the radius of the circumscribing 
circle. 

Exercise 4. 

Compute the radii of the inscribed circle, of the circles 
of external contact, and of the circumscribed circle of an 
equilateral trigon on the base 724 . 

Exercise 5. 

Bequired the corresponding radii for the trigon 724 , 
725 , 723 . 
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LESSON LVI. 

PORISM. 

TO COMPUTE THE AREA OP A TRIGON WHEN THE THREE 

SIDES ARE GIVEN. 

A PORISM is some advantage gained in the course of stndy 
(TTopla-fia) ; in the present instance we get a very neat 
and rapid calculation of the area of the trigon, from the 
study of its inscribed circle. 

Eeferring to the first figure in the previous lesson, the 
triangle A D F is half the rectangle D F . A F, so that the 
tetragon A G- D F is equivalent to D F. A F; in the same 
way the tetragon CFD E = DF.FC, and BEDG = 
DF.BE = D F.H A. Now these three tetragons make 
up the whole trigon ABO, while the three rectangles 
DF.AF; DF.FC; DF.HA make up the single 
rectangle D F . H ; so that " the area of a trigon is equi- 
valent to the rectangle under its semiperimeter and the 
radius of the inscribed circle." 

Kthen we compute the inscribing radius by help of the 
preceding theorem, it is only needed that we multiply its 
numerical value by that of the semiperimeter in order to 
get the expression for the area. 

When, however, we desire to know the area alone, we 
may avoid the actual computation of the inscribing radius, 
because 

x/i ^'^Hc'"^^ } xHO=V{HA.AF.FO.CH}. 

Or we may reason thus : 

IH : HC : :!)¥•. "E^i. 
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Taking the tectanglea under the terms of tie first ratio 
and DF; aad the rectangles under the terms of the 


second ratio and H C, this proportion becomes 


IH.DF :EC.DF:: HC.DF :HC.FC,oi 


HA.AF:AEC::ABC:HO.FC; 


that is to say, " the euriace of a tidgon is a mean propor- 
tional between the rectangle under two of the excessea and 


the rectangle under the aemiperimeter and the third excess," 
hence 

ABC= ^/iAH.AF.FC.CHl. 


In the precedJEg example therefore the area is given by 
the arithmetical operation 


^{11.33.54.98} =138G. 


If we put a , 6 , e for the three sides of a trigon its area is 


givea by the fiirmula 


/(0 + 6-C (J-6 + C l + e~a a-Vh + c] 
VI 2 ■ 2 ■ 2 ■ "2 r 


Exercise 1. 


Compute the area of a triangle having its sides 979, 
925 and 714 . 

Exercise 2. 


The student may re-compute, by help of this theorem, 
the areas of the figures which he haa already obtained by 


other means. 

Exercise 3. 


Compute the areas of the foUowing trigons :— 332 , 809 , 
976; 572, 999, 977; 969, 890, l'J3 ; 910,901,61; 


=''■1.707, 340; 748, 709,93; 584, 557, 173; 441, 


156; 231, 185, 130. 
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Exercise 4. 

Compute the area of the convex hexagon A B D E P, 
havingAB = 388, BC = 701, CD=p304, DE = 471, 
EF=459, FA = 557, AC = 939, CE = 745, and 
E A=820. Construct also a square haying the same area. 

Exercise 5, 

Compute the area of the decagon ABCDEPGHIJ, 
having AD=724, DH=723, H A=725, AC=365, 
CD = 363, DF = 481, FH = 308, HJ = 408, JA 
= 324,DE = 356, EF=135,FG = 205,GH = 117, 
HI = 218, IJ = 209, AB = 229, BC = 156, and 
compute the side of a square equivalent thereto. 



LESSON LVII. 



THE CIRCUMFERENCE OF A CIRCLE BEING GIVEN, TO 

COMPUTE ITS RADIUS. 

Circles and round bodies occur so often in business, 
particularly in mechanical matters, that we must know 
how to make computations concerning them ; and we must 
be careful to understand how the calculations are made. 
The following very beautiful and simple process is taken 
from the third edition of John Leslie's 'Elements of 
Geometry,' Edinburgh, 1817. 

The length of a string being given, we wish to make a 
circle round which that string may fit exactly. For this 
we begin with a square or regular four-sided figure ; the 
length of each side must be the quarter of the length of 
the string. From the square we get a regular octa 
baying the same length of l^oxmSiarj, ^"wSa. ^<^ ^ 
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octagon being half of the side of the square. From the 
eight-aided we get a sixteen-sided regular figure, from 
that a thirtj-two-siJed figure and so on, until the sides 
become so numerooa and bo small that their aggregate is 
not distinguishable from the circumference of a circla In 
this way we never can teach absolviehj the size of the circle, 
bnt we nmj easily get near enough to the truth for all 
business purposes. 

Having drawu from A an indefinite straight line we 
place at right angles to it A B, A 6 each equal to the 
eighth part of the given circumference ; then making A C, 
equal to A B and joining C B, C t, the angle B C 6 is right 




and would lie four times round the point C ; and, if the 
trigon B C 6 were so repeated, a sqnare would be formed 
having C for its middle point, C A being the radius of the 
inscribed, and C B the radius of the circumscribed circle, 
the one circle being too small, the other too large for our 
purpose. 

Make now C D as long as B, and join B D, 6 D. The 
angle & D B is hall of & C B and so may be laid eight times 
round the point D. If the triangle B D 6 were so repeated 
a regular octagon would be formed, whose perimeter would 
be double of the prescribed length, wherefore in order to get 
1 sn octagon of the proper eize we aluiiV \iBi'^fe KB \si "E., 
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and draw the perpendiculiir FE/; then tlie regular 
octagon fonaed by placing FD/ eight times around D 
would have its bocndary of the prPBcrihed length, D E 
being the radius of the inscribed, D F that of the circum- 
scribed circle, the Ibrmer being too Eonall, the latter too 
la^e, and each of them being much nearer to what ie 
wanted than the former pair were. 

Making D 6 equal to I> F, joining F G, /G, bisecting 
EG in H and drawing the perpendicular I Hi, we get 
I G 1 the sixteenth part of a re<;ular sisteen-sided figure 
with G for ita middle point, G H for its inscribing and 
Gr I for its circumscribing radius. These two differ very 
little from eacli other, one being shorter, the other longer 
than the radius for which we are seeking. 

Proceeding in the same way we obtain MEm, the 
thirty-second part of a regular figure of thirty-two 
aides, whose inscribing and circumscribing radii K L and 
K M differ by so little that we find it difBeult to continue 
the work farther on paper ; the mean between them may 
then be sufficiently near the truth for paper work. 

But although the accuracy of actual delineation be thus 
eoOQ exhausted, we may carry on our calculations mnoh 
farther, so far indeed as to bring the error to be less than any 
small fraction that may be determined on, less than the 
thousandth part, than the millionth part of the linear 
unit. 

The mode of computation is very simple, the labour of 
it is trifling. Since A B and A C are both known, B C 
may be computed ; D E ie half the stim of C A and C B, 
and E F is the half of A B ; these being found, we compute 
the circmnscribing radius DF, and thus by calculations 

fisiflting of squaring^ and extractions of the square root 
altinmtely obtain the radius oi ftie m*^ \fi m^icai. '^s«. 
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prescribed degree of precision. By a little arrangement 
and attention we nmy much redace tbe amount of work. 

Aa an example, we may propose 8800 inches for the 
circumference of the circle, and one tenth part of an inch 
aa the utmost error allowable in the radius. 

In this ease AB^llOO, AC=1100, whence CB*= 
2420000, and CB = 1555-6. Half the sum of C A and 
CB gives 1327-8for DE,wbileEF is550. On squaring 
these and taking their sum we find 2065552 ■ 84 for the 
square of D F, whence D F = 1437 ■ 2 , so that the radiua of 
the required circle is ascertained to be between the limits 
1327-8 and 1437-2. 

The results of the calcnlations may be a 
arranged as in the snbjoinejl scheme. 



Hnm, 


Ini. Itul. 


InB.lUJ,' nilUlilp' 


Clr.IUd.' 


Clr.Rni 


4 


1 100-0 


vntum-vo 


12100(10 -00 


2420000-00 


1655-6 


fi 


U-iTH 


17e:W.i2-84 


302500-00 


2065552-84 


1437-2 


16 


13S2-5 


i9tiaoa-2a 


756-25-00 


1986931-25 


1409-6 




1396-0 


1948811! -00 


18006-25 


1967722-25 


140S'8 


61 


1399-4 


1958320 -36 


472(i-5G 


1963046-92 


1401-1 


12S 


1400-2 


1960500 -(14 


I1B1-G4 


1961741-68 


1400-6 




1400 -i 


iseiiiio-ie 


295-41 


1961413-87 


1400 -S 


6ia 


1409 '5 


1961400-25 


73-85 


1961474-10 


1400-5 



In the first column we write the number of the sides of 
the polygon ; in tbe second column we place the inscribing 
radius ; the square of this is written in the third column; 
the fourth column fa for the square of the ba!f side ; the 
sum of these two squares is tbe square of tbe circum- 
scribing radius, written in the fifth column ; and the root 
thereof written in the last column is the circumscribing 
radius itself. 

The details of the polygon of four sides as written in the 
Srst line h&ymg been thviaioiuil,'Wvi'i!<ie™.-ai.Qf\\&sM*Kt 
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and inner radii gives the inscribing radius of the eight- 
sided figure ; the details of this figure, found in the same 
way, are written in the second line ; and thus the work 
proceeds until the outer and inner radii do not diflfer. It 
is to be remarked that since E F is the half of A B, E F^ 
is the fourth part of AB^, so that the squares of the half 
sides are got by quartering. 

Thus we have found that when the circumference of 
a circle is 8800 inches, its diameter is almost exactly 
2801 inches ; or, omitting the single inch, we may say 
that the ratio of the circumference to the diameter of a 
circle is very nearly as 88 : 28 or as 22 : 7. 

The student should repeat this calculation very carefully, 
carrying the work to two or three decimal places farther 
than in the example and so obtaining a more exact value. 
He may further vary it by assuming the circumference as 
568 000, which should give the radius almost exactly 
integer. 

The thoughtful student will have noticed that we may 
begin with any known regular polygon. We may take the 
hexagon, for example, making AB the twelfth part of 
the proposed circumference and inflecting B C = B t. The 
assumption of 666 000 for the circumference may be con- 
venient in this case, or still better 623 958 with several 
decimal places. 

Whatever number we may assume for the circumference' 
and with whichever polygon we may begin, the ratio of 
circumference to the diameter of the circle comes out the 
same. For ordinary rough purposes we may say that 
the diameter is to the circumference as 7 to 22. Much 
more accurately, indeed with precision sufficient for most 
business purposes, we may take the ratio 113 : 355 which 
was first proposed by Metius. TToia i^lio Vi'aj^ \5fcfcTi 



12B GEOMETRY ON PAFES. 

pnted witli eiceeaive precision ; it is usually and most con- 
Teniently eipreesed by help of decimal fractiona. The first 
of the aboTe-mentioned ratios gives 

^ = 3-142857; 
that reeulting from the above calculatioQ ia 

8S00 _ Q.1 .1 rroc 



Metius' ratio givee 

?H|=3 141592 920, 

while the true ratio carried to twelve decimal places ia 
3-141592 653 590; 

so that the ratio 113 : 355 errs by about the four millionth 
part of the radius. 

By u8ing this ratio we may easily compute the diameter 
from the cireumference or the circumference from the 
diameter. Aa this number 3 ■ 1415 etc. occurs very often, 
it hflfl become the custom to denote it by the Greek letter tt, 
the first letter of the word 'perimeter ; so that if C denote 
the circumference of a circle and D ita diameter we have 



Exercise 1, 

In order to get the diameter of a cylinder, a strip of 

paper was wrapped round it and the overlapped portion cut 

through both Iblds ; the length of the strip waa then mea- 

sared and found to be 23 " 69 inches ■, what k the diameter? 
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Exercise 2. 
The diameter of a circle being 38*73 inches^ required 
its circamference. 

EXEBCISE 3. 

What are the outer and inner circumferences of a ring 

included between two concentric circles whose radii are 13 

and 17 inches ? 

Exercise 4. 

The distance between the centres of two circles which 
touch externally being 22 inches, and the radius of the one 
being 14 inches, required the radius of the other, the cir- 
cumference of each, and the sum of the circumferences. 

Exercise 5. 

The distance of the centres being 22 as before, the radius 

of the larger circle is made 12 ; what are the results of the 

change ? 

Exercise 6. 

With the same distance between the centres, the touch- 
ing circles are made alike ; what is the sum of the circum- 
ferences ? 



LESSON LVIII. 

TO COMPUTE THE SURFACE OP A CIRCLE. 

The area of the triangle mMK is equivalent to the 
rectangle under LM and LK, wherefore the whole 
polygon of thirty-two sides of which m E M is a part, is 
equivalent to the rectangle under its half perimeter and 
the radius of its inscribed circle. Now the same is true 
for a figure of any number of sides circumscribing the circle ; 
when the number of the sides is excessiyely great, tho 
boundary of the polygon becomes almost e^TawitJL^ tiaA 
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the circle, wherefore we conclude that the area of a circle 
is equivalent to the rectangle under its half circumference 
and its radius. 

Now the circumference is 3 • 1416 times the diameter 
or ttD, wherefore, E being put for the radius, ttB is the 
half circumference, and consequently the area (A) is ir B', 
that is to say the surface of a circle is somewhat more than 
three squares of its radius, very nearly 3|. 

From the two equations 



we get 



as also 



C = 27rR, 


A = '»rR», 


R- ^ 


«va' 


A-^' 
^-4^' 


C=2V(7rA), 



which serve to find any two of the quantities, A (area), 
C (circumference), E (radius) when the third is known. 

355 
If we write for tt the very close approximation =-=-q> these 

six equations may be written 

^-113^' -^-113^' 



EXEEOISE 1. 

The radius of a circle being 1 foot, how many square 
inches are in its area, and what is the side of a square 
containing the same area? 
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EXEBOISE 2. 

A right-angled trigon being constructed with the sides 
of the right angle 231 and 160 ; circles are described on 
its three sides as diameters ; compute their circumferences 
and their areas. The circle on the hypotenuse is equiva- 
lent to both the others. 

EXEBOISE 3. 

Compute the radius of a circle which shall contain 
exactly 1 square foot of surface. 

EXEBOISE 4. 

What is the smallest round out of which a triangle with 
the sides 89 , 82 , 57 may be cut ; and what is the waste ? 

EXEBOISB 5. 

A three-cornered scrap of wood has its sides 8*7 ; 6*5 ; 
4*4; what is the largest round that can be made out of it, 
and how much waste is there ? 

EXEEOISE 6. 

Describe a circle which shall have as much surface as an 
equilateral trigon on the base 52 . 
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